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1.1. Introduction. We shall consider here analogues for double Fourier

series of certain convergence criteria for simple Fourier series. The tests for

simple series in question are the familiar tests of Dini, Jordan, de la Vallée-

Poussin, Lebesgue, Young, and Hardy and Littlewood, and the tests obtained

by various authors in generalizing the Young and the Lebesgue test. All

these criteria are stated, the logical relations between them discussed, and

references to them given in the author's paper 44 Rather than duplicate

this material here we refer the reader to that paper. Analogues for some of

these tests have appeared in the literature. Our first purpose here is to es-

tablish analogues of those remaining. Our second purpose is to discuss the

logical relations between the tests for double series. We obtain, incidentally,

an extension of Tonelli's convergence criterion for double series which deals

with functions of bounded variation. Statements of our results and a general

summary of the convergence theory are to found in §§1.2 to 1.6, the proofs

of our theorems, in §§2.0 to 13.1. We do not always attempt to model the

proof of a generalization after the proof of the original; but deduce first a

test of the Lebesgue type, and from it the other tests. We thus obtain at the

same time information as to the relations between the tests.

1.2. We suppose once and for all that the double Fourier series in question

is that of an even-even function f(u, v) which is integrable in the Lebesgue

sense over the square Q(0, 0; w, w) and is doubly periodic with period 27r

in each variable. Further, we shall confine our attention to the behavior of

the Fourier series of /at the origin. We have, then,

00

f(u, v) ~  ^ Xm,nam,n cos mu cos nv,
m,n=0

where

* Presented to the Society, March 25, 1932; received by the editors May 25, 1932, and, in re-

vised form, August 22, 1932.

t A number of the results contained in this paper were obtained while the author was a Na-

tional Research Fellow. The problem of obtaining a generalization to double series of the Lebesgue

test for simple series was suggested to the author by Professor Hardy; and the author wishes to

thank him for this and other suggestions. The author also wishes to thank Dr. Agnew for reading the

manuscript of this paper and suggesting several corrections and improvements.

X Numbers in bold face type refer to the Bibliography at the end of this paper.
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Xo.o = ï,     and \m,o = X0,n = 5,     Xm,n = 1 for 0 < m, 0 < n,

and

am ,» = — I  j /(«, v) cos mu cos nv dudv.
ir2 J Jq

The series for/ at the origin is

00

(1.21) ¿j   Am, v.am. n!
m,n=»0

the partial sum sm,„ of order m, n of this series is

1   C C sin (w + \)u sin (n + |)tim      n l      C  C f

im.» =   X) 2>.,3a;.i = — I      /(«, v)-
<-0   ;-0 1"    •/   J Q sin |w sin ^z)

and we are concerned with the limit

lim   sm.n

dudv:

m.»—*°o

taken in the Pringsheim sense.* Any test for the convergence of the series

(1.21) yields, of course, a test for convergence of the Fourier series of an

arbitrary integrable function at an arbitrary point.

1.3. To simplify the writing we employ a form of the Landau limit nota-

tion. Given two functions h(x, y) and \p(x, y), defined for all sufficiently small

positive values of x and y, we write

(1.31) h(x, y) =o{Hx, y)}

if, corresponding to each number 0 < e, we can choose 0 < S€ so that

(1.32) |*|á<|*|

for 0 <x g 5«, 0 <y ^ h(. We write

(1.33) h(x,y) =0{t(x,y)}

if (1.32) holds for some e and all sufficiently small positive values of x and y.

Given two functions h(x, y; k) and iKx, y, k), defined for each large value of k

for sufficiently small positive values of x and y, we write

(1-34) h(x, y;k) = ö{*(xt y; k))

* Pringsheim, 12, p. 103. The series (1.21) converges, to sum s, or

lim  sm,n = s
m,n—*•*

in the Pringsheim sense, if there corresponds to every number 0<« an integer N such that, if N^m,

iVS», then Ism-„—s\ a«.
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if, corresponding to each 0<e, we can choose, first, 0<kt; and then, 0<8kté,

so that (1.32) holds for

(1.35) 0 <x^Sk,„0 <y ^Sk,„kt^ k.

We write

(1.36) h(x, y; k) = 0{rP(x, y; k)}

if, corresponding to some e, we can choose kt and 5*,, as above so that (1.32)

holds for all x, y, and k satisfying (1.35).f

1.4. The known tests for the convergence of the series (1.21) which are of

interest here may now be recalled. In stating these, and in what follows, we

understand that letters capped by bars, (D), (J), etc., have the same mean-

ings as the same letters without the bars in the author's paper 4. Letters

without bars refer to conditions and tests for double series. In some of the

tests there are two or three conditions. We shall always regard the set of

conditions in any test as a single condition and denote it by the same notation

as we use to denote the test itself. Similarly, when a test involves but one

condition we denote it in the same way as we do the test itself.

The conditions sufficient for the convergence of the series (1.21) are in

(Dy) Young's analogue of Dini's test (D) :%

C du rT. . dv
I    — I  I /(«. ») - * - íi(«) - fc(«01 — < °°

Jo     u Jo v

where s is a constant and £i, £2 are functions such that |j(«)/«, l-i(v)/v are in-

tegrable over (0, 7r);

t In case ^ is a non-vanishing function, then (1.31), (1.33), (1.34), (1.36) respectively holds if,

and only if,

limit        (h/í)=0, íhnTt        \h/<l>\<<*>,
(*,i/)->(+o,+o) U,v)-.(+o,+o)

lim       limit       |V^|   =0,   lim       limit       |A/ty|<°°-
*->»   (l,l/>-»(+0,+0) *-.«   (l,n)-»(+0,+0)

% Young, 15, p. 182. About the same time as Young's paper appeared Küstermann, 10, p. 28,

published an analogue of Dini's test. Later a test of this type was given by Merriman, 3, p. 129.

The test (Dy) is not exactly the test of any of these authors. It includes them all as particular cases

however.

Young's condition is

(Dy*) the function (f—s)/(uv) is integrable over Q.

Young proves that, if (Dy*) is satisfied, then so also is (Vy*) (see the footnote on (Vy) above). Using

Young's method it is not difficult to showthat(£>r)implies(Fy*). Thus(.Dy)is a sufficient condition

for convergence.
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(JH) Hardy's analogue of Jordan's test (J) :}

(Jh ) fis finitely defined everywhere in Q and

I       I     | du,vf(u, »)| < °o,
J o    Jo' o    ¿o

where the integral represents the total variation off over Q,% and

(Jh") fT\duf(u, 0) | < oo,     f   \ dvf(0, v) | < oo,
Jo J o

where the first integral is the total variation of f(u, 0), and the second, the total

variation of /(0, v), over (0, 7r);§

(Jt) Tonelli's analogue of (J) :||

(Jt ) fis finitely defined everywhere in Q and

Vi(v) =•  f'\ duf(u, v) | < V(v),   V2(u) =.  f   | dvf(u, v) | < V(u),
Jo Jo

where V is integrable over (0, ir), the first for every V, and the second for every u,

on (0, tt),T[ and

(Jt")

Wi(x, y) =-  lim    f   \ duf(u, y) | = o(l),
T-.+0     JT

W2(x, y) =  lim    f    | dvf(x, v) \ = 0(1).*
T-+0     JT

t Hardy, 5, p. 65.

X The total variation of / over the rectangle (ai, ii; a^, 62),

fl'fll\du4(u,v)\,
is defined as the upper bound of all sums of the type

m n

Z!   Z)|/(«<, vl)-f(Ui, »,_l)-/(«i_l, Vj)+f(Ui-l, Di_l)|
»-1   Í-1

where w¿, i=Q, 1, • • • , m, and v¡, j = 0, 1, • ■ • , n, are any numbers such that ai=u<¡<ui< • ■ ■

<um = 02,bi = vo<ví< ■ • • <vn = b2.

§ Hardy states this second condition as

(Jh"*)   /„'I</„/(«, *)|<«=,   j7\drf(u,v)\<»,
the first for every v, the second for every u, on (0, ir).

It is pointed out by Young, 15, p. 142, that, if (Jh') and (Jh") hold, then (Jh"*) holds.

|| Tonelli, 13, p. 455, and 14.
H This condition is stated by Tonelli as

(Jt *)    V\, V¡ are integrable over (0, 7r).

Since, as Professor Adams pointed out to the author, there are functions for which Vi and Vt

are not measurable, there is some gain in generality in taking the condition as we do. That (Jt )

and (Jt") are sufficient conditions for convergence, we prove by Theorems I, II and III below.

When a function satisfies (Jh) it may be said to be of bounded variation in the Hardy sense, and

when it satisfies (Jt ), of bounded variation in the Tonelli sense. Other definitions of bounded vari-

ation have been given by various authors. For a complete discussion of these, see Adams, 1. For a

convergence theorem involving another definition, see Hobson, 2, p. 705. For further references on

convergence criteria, see Tonelli, 14.

** Tonelli states this condition in a slightly different but equivalent way.
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(Vy) Young's analogue of de la Vallée-Poussin's test (Y) :t the mean value

1   /•"      rv
(1.41) F(u,v)=—\    do-       f(c,t)dt

uv J o       Jo

of f satisfies (Jh).
In (Dy) the sum of the series is s, in (Jh) and (Jr),/(+0, +0), and in (Vy),

F(+0, +0).

Each of the above tests is plainly analogous to the corresponding test for

simple series. There is, however, one aspect in which these tests and, in fact,

all the tests given here for double series, differ from the original tests. In each

test for double series there is some condition on /, other than integrability,

over the whole square Q, whereas for simple series, the only conditions im-

posed, other than integrability, are neighborhood conditions. Now, by the

analogue of the Riemann-Lebesgue theorem, J the behavior of / in the square

(5, 8; ir, w), provided 0<5, has no effect on the convergence of the series

(1.21). Thus this difference could be partially eliminated; but we cannot, as

might be expected, confine our conditions to neighborhood conditions. Con-

ditions on/in the "cross-neighborhood" of the origin are essential/Some of

the above tests were originally stated with only cross-neighborhood con-

ditions, and we could state those which follow thus. We state the tests as we

do for simplicity.

From each of the above tests the corresponding test for simple series can

readily be deduced. We have, when/ is a function of u alone,/=/(«), say,

1    rT^     sin (m + \)u
Sm.n  =  Sm,o  = -   I     f(u) -—- du,

ir J o sin f u

which is the mth partial sum of the simple Fourier series of / corresponding

to the point w = 0. Now, if/satisfies (D), /satisfies (Dy); and if/ satisfies

(F),/ satisfies (VY). Hence from (Dy) we can immediately deduce (D), and

from (Vy), (V). The passage from (Jh) and (JT) to (/) is not so immediate,

but a simple application of the Riemann-Lebesgue theorem leads directly

to the desired conclusion.

1.5. An examination of §1.4 reveals that the types of tests for simple

series which have not been considered for double series are Young's, Hardy

f Young, 15, p. 170. Young states his condition in another but equivalent form, namely:

(Vy*) Fuv csc u csc v satisfies (Jh).

The right-hand member of (1.41) has, of course, no meaning when m=0 or when v=0. It is

implied that F can be so defined on the axes as to satisfy (Jh).

i For this analogue, see Young, 15, p. 138.
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and Littlewood's, and Lebesgue's. Listed below is our extension of Tonelli's

criterion and the analogues we obtain of tests of these types.

The conditions sufficient for the convergence of the series (1.21), to sum s, are,

in

(Jr) our extension of Tonelli's test (Jt): (Jt),

(Jh") Wi(x, y) = 0(1), W2(x, y) = 0(1),

and

Cx       C "

(Ci) <t>i(x, y) =   i   du I   <b(u, v)dv = o(xy),
Jo        Jo

where <f> = f — s;
(Y) our analogue of Young's test (Y) :

(Y') fis finitely defined everywhere in Q and

C ' C "
fl.51)    I      I    \dUlV{uvf(u,v)}\ <Axy for 0 < x £v,0 <y £*,

Jo   Jo

where A is independent of x and y, and

(Co) <t>(x, y) = o(l);

(Yp)  our analogue of Pollard's generalization (YP) of (Y): (¥') and (G);

(HL) our analogue of Hardy and Littlewood's test (HL) :

/% r—x n t— y

(HL') I       du j       \AXtVf(u,v)\*>dv = 0(xy),
Jo Jo

where

Ax,vf(u, v)=f(u+x, v+y)-f(u+x, »)-/(«, v+y)+f(u, v),

for some 1 ̂ pi,

(HL")        f du f      \Ayf\rtdv = 0(xy),     f   dv f       | Axf\»>du = 0(xy),
J o       J o J o       J o

where}

A»/ = /(«, v + y) - f(u, v),   Axf = f(u + x, v) - /(«, v),

for some l^p2 and some 1 ̂ p3, and (Ci) ;

f There is some confusion in the notation A»/, A„/, and AIlV/, but this is not serious. Whenever

we have Axh, h has « as one of its arguments, and Axh is the first difference

Axh = h(u+x • • • ) — h(u ■ • •).

Similarly, y always appears with and is coupled with v. Finally, whenever we have AX,,A, h has u and

v as two of its arguments and Ax,vh is the first double difference

Ai,„A = h(u+x • • • v+y • • • ) — h(u+x • • • v • ■ ■ ) — h(u • • • v+y • • • ) + *(** •••••••).
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(Li) our analogue of Lebesgue's test (Li) :

'du r*~", , dv/,r~xdu rT~v, , dv
- |AI>y/|- = 0(l),

X U    J y V

f*      /**~*i       i dv r"      C~x i       i du
(LI') du\        | A„/| - = o(x), dv | Axf\ - = o

JO J y » J 0 J X U

and

cx     rv
(Ci*) <bi*(x, y) =  \   du j   | <K«, !>) | dv = 0(37);

Jo        Jo

(Li) our analogue of Lesbegue's test (Li) :

d« \AxJ^^\\dv = o(l),
x J» I I      UV      J   I

and

X1      f *~"l     Í *) I
dw I A„< — >•  dzi = o(x),

Jv    I   Uli
X"      r «-■ I     Í <H I

dt> I A»< —>   dw = o(y);

(Lp)  <?wr analogue of Pollard's generalization (Lp) of (L2) :

(Li) Ç(x, y; k) m   f 'du f '   "I A.J—1 L = ö(l),
Jkx Jky        I KUV)   I

X1    r '""l   ( *i I
d« I A„< — >  d» = o(*),

cv     C T~x I    f <H I
»7= dul A,< — >  d« = 5(y),

Jo        Jkx     I      V. « J I
and (Ci);

(Lr) our analogue of Gergen's generalization (Lr) of (Li) :

T~xdu rT~v, , dv/,T~xdu C~v, 1 dv
-       |Ax.v/|- = ô(i),

ífcx        W  Jky V

a =       du I A„/|— = o(x),
(I«") J°       Jt"

/■»      c T~x 1        1 d«

^        <fo |AI/|- = ô(y),
Jo        J*x w

awd (Ci).
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From each of these tests the corresponding test for simple series can im-

mediately be deduced; but it will be noticed that the most general continuity

condition we use is (G) and not the analogue of (C), namely:

(C) the series (1.21) is summable, to sum s, by some Cesàro means.

Thus we fail to extend completely to double series the tests (HL) and (Lr),

and we fail to obtain any analogue of Hardy and Littlewood's generalization

( Yhl) of (Y) other than (YP). The problem remains unsolved whether we can

replace (G) by (C) in (LR), (YP), and (HL). This problem, if one follows the

ideas in simple series, involves proving that the characteristicf conditions of

these tests imply the equivalence of (G) and (C), and this in turn involves

obtaining a generalization to double series of Hardy and Littlewood'sf

theorem on summability and continuity. Of course the fact that each of the

above tests leads directly to the corresponding test for simple series is due

largely to the equivalence of (Ci) to (C) whenever the latter is used.

To establish the above tests we deduce first (LR) and then show that (Lr)

contains all the other tests as particular cases. The facts in regard to (Lr) we

state for convenience in the following theorem, the proof of which is to be

found in §§2.0 to 3.1. The facts in regard to the relation of (LR) to the rest of

the tests are given in Theorems II to VII below.

Theorem I. // (LR) holds, then the series (1.21) converges, to sum s.

1.6. Turning now to the logical relations§ between the tests, we first

state the following theorems, the proofs of which are to be found in §§4.1

to 13.1.

Theorem II. (a) The conditions (Li) and (L2) are equivalent, (b) The con-

dition^) implies (LP), while (LP) implies (L2) if (C*) holds, (c) The con-

dition (LP) implies (Lr), while (Lr) implies (LP) if

(1.61) <pi*(x, y) =0(xy).

Thus (Li), (L2), (LP), and (LR) are equivalent if (C*) holds\\

t The characteristic condition of a test consists of the conditions individual to the test. It is to

be distinguished from the continuity condition, which is either (Co) or a generalization of (Co).

In (Lr), for example, the characteristic condition is (Lr)+(Lr  ).

X Hardy and Littlewood, 7.

§ All our conclusions here are to the effect that certain conditions imply others. We make no

attempt to prove that the implications stated are not reversible. For some examples of this type, see

Hardy, 6. Hardy's examples are for simple series, but conclusions for double series can easily be de-

duced from them.

In discussing these relations it is well to point out again that, because one test is included in

another, the latter is not for that reason a better test. If one reasoned in that way the best test would

be the one in which the condition for convergence is that the series converge.

|| This theorem contains some new information for simple series: that (Lp) implies (L2) if (C*)

holds, and that (Lr) implies (LP) if the condition corresponding to (1.61) holds.
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Theorem III. The condition (JT) implies (JR) and (Li), both with s =/(+0,

+0). Moreover, (JR) implies (LP).

Theorem IV. The condition (Y) implies (YP) and (Li), while (YP) implies

(£/»)•

Theorem V. The condition (HL) implies (LB).

Theorem VI. The condition (JH) implies (Y) and (HL), both with s =/(+0,

+0), and the latter with Pi=p2=p3 = l.

Theorem VII. The condition (Vy) implies (Li) with s = F(+0, +0).

By

Lp=Lp' +Lp" +Ci HL=HL'+HL"+Ci

\i _ ~ '
Lr=Lr +Lr  +Ci

Combining these results with the fact that both (Jh) and (DY) imply

(Fy),t and (Jh) implies (Jt),% we obtain the accompanying diagram. In this

diagram a directed line running from one letter to another indicates that the

condition represented by the former implies that represented by the latter.

In any implication in which s occurs only in the implied condition, s is under-

stood to have the value indicated in the above theorem concerning this

implication. It should be noted that, aside from the differences due to our

use of (Ci) rather than (C), there are only two essential differences between

this diagram and the author's§ diagram for simple series: first, we do not

indicate here any implications between characteristic conditions; and

secondly, we have here two new conditions, (JT) and (Jr). In regard to the

first difference it might be pointed out that our proofs show that all implica-

tions indicated for simple series carry over to double series, and thus that, in

particular, the characteristic condition of (Lr) is implied by every other

t See the footnote on (Dy) and Young, 15, p. 181.

Î Tonelli, 13, p. 470.
§ Gergen, 4, p. 257.
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characteristic condition. In regard to (JT) and (Jr), these conditions, while

analogous to (/) in some respects, do not seem to be contained in (Vy), (Y),

and (HL). For this reason, and also because of their general character, these

conditions seem to be essentially connected with a space of higher dimension-

ality than one.

2.0. Lemmas for Theorem I. The proof of Theorem I rests on the follow-

ing lemmas. In these lemmas and throughout the rest of the paper we write

for convenience
ITU 1 TV 1

K(u, v; x, y) = K(u, v) = sin — csc — « sin — csc — v.
x 2 y 2

We shall always suppose that x, y, k are numbers such that

(2.01) 0 <x ^ ir, 0 < y g ir, 0 < k.

We understand by A a number whose value is independent of all or any group

of the variables u, v, x, y, k with which we are concerned at the moment, for

those values of the variables in question lying in the proper range. The range

for u and that for v is always specified. The range for x either is completely

specified or else it is understood to be that part of the range indicated in (2.01)

not excluded by any partial specification. A similar understanding holds with

regard to y and k.

We shall often have occasion to use the following formula for integrating

by parts:

f ' du f 'pi'(uW(v)dv
Ja, J b,

(2.02) = Pi(a2, b2)ij/(a2,bi) -  I     pi(u,b2)pu(u,b2)du
Ja,

—  I    pi(a2, v)4>v(a2, v)dv +  I     du I     prfuvdv,
J b, J ai J b\

where

•K«, v) = *'(«)*"(«),

Pi(u, v) =   I    do- I    p(o-, t)dt.
Ja, J b,

This formula is valid if p is integrable on (au bi\ Oi, b2), yp' is absolutely con-

tinuous on (ai, a2), and \p" is absolutely continuous on (bh ¿>2).f

f This formula can readily be established by a double application of the formula for integrating

by parts an integral involving but one variable and the application of other familiar results in the

theory of Lebesgue integrals. The only question likely to occur is that of the measurability of the

function /¡,°p(m, t)dt and this question is answered in a theorem of Carathéodory, 2, p. 656. In any

case the formula is a particular case of one given by Hobson, 8, p. 666.
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We have

— s
'o        Jo

—   |    du I    <t>(u,v)K{u,v;ir/(m + \),ir/(n + \))dv,
ir2 Jo        Jo

and our problem is to show that, if (LR) holds, then

S(x, y) =   I    du j    <t>K(u, v; x, y) = o(l).
Jo       Jo

As in the proof of (Lr) the problem is solved by breaking this integral into

several parts and considering each part separately. In the lemmas we con-

sider integrals over the region "near" the boundary of Q and also several

functions which occur in the treatment of the integral over the area "away"

from the boundary.

2.1. Lemma 1. If (G) holds and ifO<a,0<b, then

/ioi /.by

(2.11) Ii(x, y) m  I     du I     <pKdv = o(l).
Jo Jo

^l by

0

Further,

I2 = du j       (bKdv
v r—a X */ r— b y

o(D

under the sole assumption that <p *s integrable in Q.

We have

uv\ K  I < A,      uvx\ Ku I < A  )
(2.12) > for 0 <u = ir, 0 <v ^ ir.

uvy | Kv | < A,    uvxy \ Kuv \ < A  )

Further, applying (2.02),

s» ax

Ii = <¡>i(ax, by)K(ax, by) —  I        <t>i(u, by)Ku(u, by)du
Jo

/.by /.ax /.by

—  I      <¿>i(ax, v)Kv(ax, v)dv +  I     du j     <¡>iKuvdv.
Jo Jo Jo

Thus

7i = 0<   maximum     | <¡>i(u, v)/(uv) \  > = o(l)
\0<u¿ax,0<váby )

by (G). This is (2.11).

As for I2, we have immediately, since </> is integrable in Q,
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lx = 0<   f      du f     \<b\dv\ = o(l).
V */ x—a x */ r— by /

2.2. Lemma 2. If (Ci) and (LR") hold, then

(2.21) I    du I     (¿du = o(x),
Jo J t— y

[January

(2.22) <bi(x, y)\ < Axy.

We observe first that, corresponding to an arbitrary number 0 < e, we can

choose 0 <k0 and 0 <ô <7r/2 so that

(2.23) | <bi(x, y) | < exy for x = 5, y g 5,

a(x, y; k0) < ex,    ß(x, y; k0) < ey for x — S, y = 5.

We observe next that, if x, c, and z are numbers such that

(2.24) x ^ 3, (h + l)z g 5 = c < c + z ^ tc,

we consequently have

(2.25)

/» x /» c+z /. x r      /.c+z /. c /. (k0+l)z \

I   du   I        <pdv\   = I     d«<     I —    I      +    I >(/>dfl
Jo Je \   Jo \   J (kn+l)z        J knz        J k„z

Ú    f  du f
Jo J k

C+Z f.C /» (&o+l)z '

(*0+l)2        *> kaz       J kaz

<b(u, v + z) — (b(u, v) | dv + | <t>i{x, (ko + l)z\
k0z

+ | <t>i(x, k0z) j

< 7rex + ex(kQ + l)z + exkoZ < 27rex.

We can now easily prove that (2.21) holds. In fact, if x = 5 and (k0+l)y

^5, then (2.24) holds with c = ir—y and z=y; and hence, applying (2.25),

S% X f\ T

du I
Jo J i-l

<bdv < 2irex.

Since e was arbitrary, this proves that (2.21) holds.

As for (2.22), let us first suppose that x = h<y. Then, choosing z so that

N = (ir — h)/z is an integer and so that 0<(¿0 + l)z^5, and denoting by a

the largest of the numbers h, h+z, ■ ■ ■ ,ir—z less than y, we have

N— 1 I     /* x /.

<bi(x, y) | = | <j>i(x, 5) | +  E du I
n=0 I J o ^a

< ex5 + 2-irNex + 2irex

5+(n+l)2

<bdv
i+nz

+

r> x /. y

du  I    <j> dv
Jo Ja
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upon applying (2.23) and (2.25). Thus, for x^b<y, we have

(2.26) \<bi(x, y)\ <Axy.

Similarly, (2.26) holds for y^ô<x. Accordingly, because of (2.23) and the

obvious fact that (2.26) holds for 5^x,b áy, the proof is complete.

2.3. Lemma 3. // (G) and (LR") hold and ifO<a, 0 <b, then

s» ax /% r

(2.31) 7a-   I     du I       <j>Kdv = o(l).
Jo J x— b y

Writing

f u p v

<j>(u, v) =        do- j       4>(o, t)dt,
Jo J x— by

we have

/» ax

13 = <t>(ax, w)K(ax, ir) —   I     4>(u, w)Ku(u, ic)du
Jo

/it f% ax .» T

— 4>(ax, v)Kv(ax, v)dv +  I    du J        $Kuvdv
J x— by J 0 J x— b y

= 0(maximum | <£(w, v)/v | )      (0 < u ^ ax, v — by ^ v ^ t).

Using Lemma 2 now we conclude the proof.

2.4. Lemma 4. If (G) and (LB") hold and if0<a, then

i ax        /• x—iyr»ax smx—zy

Ji(x, y; k) =   I    du I <¡>üdv = ö(l),
Jo        J*»

where

irU 1 7TÎI

Í2 = n(«, j»; a;, y) = fi(w, a) = sin.— csc — «sin— u(v; y),
x 2 y

and

w(v; y) = 2 csc \(v + y) — csc \(v + 2y) — csc %v.

Writing

lb(u, v) =    j    do-  j    4>(cr, t)dt,
Jo J ky•ky

we have, by Lemma 2,

| 4>(u, v) I < Auv     îoi 0 < u ¿ ir, ky ^ v ^ ir.
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On the other hand, we have

(2.41) v3\ u(v; y)\ < Ay2, v*\ o>„ | < Ay2 for y < v g ir - y;\

and thus

w»3 | ß(w, v) I < Ay2, uv3x | ßu | < Ay* \

«Vs| ß,I < Ay, uvsx\QUv\ < Ay   j

for 0 < m ^ x, y á v ^ ir — y.

Thus

/» ax

Jx = 4>(ax, 7T — 2y)ß(a£, x — 2y) — <j>(u, t — 2y)tiu(u, t — 2y)d«
Jo

/•x— 2y_ /• ax /»*■—2y

— <Kö:K> *)ß»(a*, z>)di> +  I   d« I <j>üuvdv
J ky J 0 J ky

= Ö(y* + y* + l/k + l/k) = 0(1);

which proves the lemma.

2.5. Lemma 5. If (G) a»d (LR") hold and ifO<a, then

/* ax /• T

(2.51) /,s       du I   <f>i?:dî> = o(l).
Jo       Jo

We have, by Lemmas 1, 3, and 4,

/.ox /     /ix—iy nx—y rtr \

4/4=|     d«<   I +2 + \<t>Kdv + ö(l)
Jo 1 Jt» J(*+1)V «'(t+2)»'

= - Ji + // + 0(1) = // + 5(1),

where
TU

sin —
r"       x        r*-2» t        Aiy<t>               2Ay<j>     ) ,   tv

J[ =   I     -du I          <-> sin — dv.
Jo    sin^M      Jky       Uini(i' + 2y)      sinK» + y)' y

But

_      (    1 /«" f'-2"| A2l/<i> 2Ay<j> I "j
//=0^—        d» ---^-—\dv}

\xJo Jky     I sin^(o + 2y)      sin|(s+y)|     )

= Ô{a(ax, 2y; $*)/* + a(ax, y; k)/x} = 5(1).

Since I i is independent of k, the lemma follows.

t Gergen, 4, p. 271. The first inequality in (2.41) is (8.72) and the second is (8.73) of that paper

with M=A, m=2, v=l, p=0, t=v.
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2.6. Lemma 6. If (LR) and (LR") hold, then

J'*          cT~x  i        i du
dv I | Ax« |- .5(1)

T-» J kx U

and 0 <x0 <tt and 0 <k0 can be found so that

(2.62) ß(x, y; k) < Ay for x — xo, ko û k.

We first observe that, corresponding to an arbitrary number 0<e, we

can choose 0 <ko and x0 so that

(2.63) 0 < x0(k0 + 1)< v/2,

(2.64) ß(x, y; ko) < «y,        y(x, y; k0) < e for x ^ x0, y á x0.

We next observe that, if

(2.65) x ^ xo, (h + l)z = xo = c < c + z ^ t,

we consequently have

/.c+z      f-",        . du      (   r"*' C°       /»(M-i)«\    rT~x ,        ■ du

dv \Aj\- = \ -     .+ \  j        |A^| —
•/c «'*0i u \ J (k0+l)t      •'to«      •'to« '   •'to* M

(2.66) g *?(*, z; k0)+ß{x, (*„ + l)z; ¿0}

< 7T€ + «(¿0 +  1)Z  < 2«.

Consider, then, (2.61). If x — x0 a,nd.(k0+l)y í=x0, then (2.65) holds with

c = x—y and z=y. Accordingly, because of (2.66) and the fact that

J2(x, y; k) ^ J2(x, y; ka) for k0 á k,

we have

J2 < 2we for x = x0, (¿o + l)y ^ x0, ¿o =§ ¿.

Since e was arbitrary, this proves that (2.61) holds.

As for (2.62), we observe that, because of (2.64) and the fact that

ß(x, y; k) = ß(x, y; ko) for k0 ^ k,

it is enough to prove that

ß(x, y, ko) < Ay for x g x0 < y.

But this is immediate; for, choosing z so that A = (71- — x0)/z is an integer

and so that 0 < (k0 + l)z — Xo, we have
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N—l       /.Xo+(n+l)z /%t—x ¿ft

ß(x, y; ko) ^ ß(x, ir; ko) ̂  ß(x, x0; h) +  £    I dv I        | A^ | —
n—O    «/x0+»í »Jjfcox M

< íx0 + 2irAe < Ay

for x^x0<y by (2.64) and (2.66). This completes the proof.

2.7. Lemma 7. If (LR) holds and ifO<b, then

h =   f      dv f  <bKdu = o(l).
J T—by        Jo

We have, using Lemmas 1 and 3,

J» t        (   C r~2x c T~x CT       \

dv\\ +2 I +| ^¿« + «(1)
x-by      \Jkx J (k+l)x        J (,k+2) x J

= Ji + JV + ô(l),

where

TV

sin —
rT       y , cT~u f     A»** 2Ax«    1  . «*

J3  =    I        ——— dv I < ——-i-> sin — aw,
JT_!,vsin|t)    J kX       lsin§(w + 2x)      sin^M+x)) x

/• r /» t—x

73" = —   I      dv i #Í2(», m; y, x)du.
J T— by      J ki

Now, as for J3, we have immediately, upon applying Lemma 6,

Ji = 0{j2(2x, by; \k) + J2(x, by; k)} = 5(1).

Finally, as for J3', upon setting

/. V n u

4>(u, v) =   I        di  j    «(o-, t)da,

we have

| <£(«, ») I < Au for ¿x ^ m í¡ x, 0 < w — by = v ^ ir,

by Lemma 2. Thus, noting that (2.42) is applicable to the function

ü(u, v) = ti(v, u; y, x),

we have
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r\ X—ix

J3" = —4>(t — 2x, tYû(t — 2x, t) +  I $(w, 7r)ßu(«, T)du
Jkx

/» X n x /% x—ix

<¡>(t — 2x, v)Qv(t — 2x, v)dv —   I      dv I        4>Tluvdu
x—by J x—by     J kx

= 0(x2 + 1/k + x* + 1/k) = 0(1).

This completes the proof.

2.8. Lemma 8. If (G) and (LR") hold, then

J'*-*x tu     r*-*" TV
w(u; x) sin—du I        u(v; y)4>(u + x, v + y) sin — dv = ö(l).

kx x     J ky y

First, setting

w(u, v) — u(u; x) sin (tu/x)u(v; y) sin (Tv/y),

and using (2.41), we have

uV\ w | < Ax*y*,    uV\  wu\ < Axy* \
, , >  iorx f* u ^ t — x, y ^.v Û * — y.

mV| w„\ < Ax*y,    uV\ wuv\ < Axy   )

Next, setting

do- I    4>(<r + x,t+ y)dt,
kx        J ky

and using Lemma 2, we have

| $(u, v) | < Auv for ¿#^M^ir — a;, ky ^ v ^ t — y, 1 ^ ¿.

Thus

</>(w,7r — 2y)wu{uJir — 2;y)<2w
ÄS

/» *— 2î/ /» T—2x y»T-2¡í

— <Kfl" — 2x, v)wv(ir — 2x, î>)ifo +1       du I        $wuvdv
J ky J kx J ky

= 0(x2y2 + y2/k + x2/k + 1/k2) = 0(1).

This proves the lemma.

2.9. Lemma 9. If (Ld) and (LB") hold, then

c~2y\       i    r*~x i idw
A =   I        I «Os y) I dv I       | Ax</>(«, v + y) I — = 5(1).

J*„ Jjfcx u



46 J. J. GERGEN [January

We have

/4 = 0{y*| - \AMu,v + y)\-\
K        Jky Ï3 J** U J

by (2.41). Thus, integrating by parts and using Lemma 6,

_ i rT dv)
J* = 0 I ya/?(x, x; A) + y» J   ß(x, v; *)-J = ô(l).

3.1. Proof of Theorem I. Because of the symmetry of the condition (LR)

with respect to the arguments of/, it is plain that Lemmas 3, 5, and 7 hold

if we interchange the arguments of/ in the integrals appearing there. Thus, if

0<a, 0<b, then

dv I        <¡>(u} v)K(u} v; x, y)du = o(l),
J 0 J «"—a x

/•by *%T /» T /» T

J   du 1    <t>Kdu = o(l), du J    <f>Kdv = o(l).
J 0 J 0 J T—a x Jo

Now it is readily seen by these relations and Lemmas 1, 3, 5, and 7 that

16S(x,y) = \   f*   X+2 f*      +  f*      \G(u;x,y;k)du+-o(l),
\ Jkx J (k+l)x        J(k+2)x)

G= \   \ +2 + \<bK<
\ Jky J(k+l)y        J(k+2)yJ

where
/      /%T—2y /.r—y /. r \

'.dv
(t+l)v •'(t+î)!/.

Hence, making in each of these integrals a change of variables which carries

the region of integration into (kx, ky, w — 2x, tt — 2y), and collecting the terms

properly, we have

•x-2x        -., /.*-2y

/•*-**        TU r*-¿V KVsin — du I S^(«, v; x, y) sin — dv+o(l),
kx X Jky y

ere

Ax,v<t>(u + x,v + y) Ax,y<b(u,v + y) Ax,y<t>(u + x,v)•-{-is
lsin^(«\(u + 2x) sin \(v + 2y)      sin \u sin |(d + 2y)      sin \(u + 2x)sin \v

Ax.y<t>(u,v)\ CA^u + x, v + y)       A¿>(u,v + y) \
—.-:— ( ~ uv>, y) i —-;-(

sin \u sin \v) \    sin \(u + 2x) sin§M       J

[A^u + x, v + y)       Ay<t>(u +x,v)\
— ùl (u, x) <->

I     sin§(i>+2y) sin^a       ;

+ u(u; x)u(v; y)<b(u + x, v + y)

= Si + S2 + S3 + St, say.
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But

J'T~*X      tu     rT~*v       TV        -(  /•*-**     rT~*v,     ,    )
sin —du I       5i sin —dv = CK du I | Si | dzi >

Jfcx *        Jfc„ y {. Jkx J ky )

= 0{y(x, y; k)\ =5(1)

and, by Lemma 9,

~x-ix vu çx-iy TV

I sin — du I 52 sin — dv
Jkx X J ky y

U,T~s"i ,    rr~2z, ,du)
| u>(v; y)\dv | A^(«, v +y) \ — \ = ¿5(1).

ky J kx U J

Similarly,

Finally,

by Lemma 8.

Thus,

sin—d« I S¡ sin — dz> = ö(l).
Jkx X J ky y

J*T~*X    tu      rr-*v TV
sin—du I 54 sin — d» = o(l)

*x X J ky y

s(x, y) = o(l)

if (Lr) holds. This proves the theorem, since S is independent of k.

4.1. Lemmas for Theorem II. Lemma 1. If (LP') and (LP")hold, then

(4.11) /6=f       dv f        Ax<—1  d» = 0(1),
Jr-i/ J*x        I l M J   I

a«d 0 <x0 <t and 0<k0 can be found so that

(4.12) t](x, y; k) < Ay for x ^ *0, k0 ̂  k.

Further, if (Li) holds, then

(4.13) Ji(x,y;l) = o(l).

The proof concerning (4.11) and (4.12) is much the same as that of Lem-

ma 6, §2.6. Given 0 < e we can, because of (Lp) and (LP"), choose 1 <k0 and

Xo so that (2.63) holds, and

(4.14) rt(x, y; k0) < ey, f(*, y; k0) < « for * g x0, y = x0.

Thus, if z^Zo, (¿o+l)z = x0^c<c+2^7r, we have
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J»c+í     /»*-* i    ( ó ) i rc+' dv rT~x I    ( <t> ï I
di Ax< — >¿«gT —  I Ax< — \ \du

c Jk„x      I        V «  '   I Jo »   J*0x      I        l M .'   I

- + \- \Ax\-\\du
(M-l)«       J k0i •'M J   V  J k„x      I        v. « /  I

^ 7Tf(a;, 2; ¿0) + 7n?{s, (k0 + l)z; ¿0}/(¿o2)

< Te + irt(l + l/*o) < 3xe.

Choosing suitable sets of values for c and 2 in this inequality, and making use

of (4.14) and the fact that

JÁx, y, k) ^ Jf,(x, y; h),   v(x, y; k) ^ tj(x, y; ko) for k0 ̂  k,

we deduce easily (4.11) and (4.12).

As for (4.13), we have

r /     f. x ç.x-y ç. iy W,    ç. x-x   I / fy \   I       -1

Jbtx,y;l)=0\\   j    - + \- \ \Ax\-\\du\
L I   J2y J y J y        )    V   J x \ \U)    \ A

= 0{fi(*, y)+m(*, 2y)/y} = o(l)

by (L2). This completes the proof.

4.2. Lemma 2. // (LP') and (LP") hold, then (1.61) holds. Moreover, if

(L2) holds, then (C*) holds.

Let \(x, y; k) he the upper bound of

£(«, v; k)/u + Ji(x, y; k)

for a fixed k for 0<u^x, 0<»^y, and let

xu = x{k/(k + l)}", y, = y{k/(k + l)}"

for/i = 0,1, • • • .Then,îor(k + l)x^T,(k + l)yèir,l^k,

«0    /      rkx      /•*»!•.. dp)
4i*(kx,ky) ^S     yJ     d» 1*1 — }

,,=0     V Jo JiV(<+l °   '

„_0   L        ^0 <• ̂  *»,,+ , •'iÏM Jx-yß+iJ VJ

^ * £ [*{*(**, äh-i; *) + i   du (   \<b\ —Y\
M-0   L        \ Jo J x-y V  ) A

/%  KX /% T

è (k + iyxy\(kx, y; k) + (k + l)2y I     du j        | * | d»,
J 0 J t— y

and
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i      du f      I <b | dv ̂  k ¿ < xM J        d» I        | 0 | — >
Jo J T—y ¡1—0     ' J r—y J kxß+i U  '

= kj:\xjjb(xß+i,y;k)+  ('  d* f*  |*|—}1
M-0   L        I J T-y        J w-x U ) J

= (k + l)2x\(kx, y; k) + (k+ l)2o(x).

Accordingly,

<j>i*(kx, ky) £(k+ l)4xy{2X(*x, y; k) + o(l)}.

Now, if (LP) and (LP") hold, then, using Lemma 1,

X(*x, y; *) = 0(1)

for some fixed k; while if (L2) holds, then

X(x, y;l) = o(l).

The lemma follows.

4.3. Lemma 3. If (LP') and (LP") hold, or if (L¿), (LR"), and (1.61) hold,
then

(4.31) <j>i*(x, y) < Axy.

The proof concerning (LP' ) and (LP"), as well as that concerning (Lr ) and

(LR"), closely resembles the proof of (2.22). We need consider only (LP')

and (Lp"). We first observe that, by (LP'), (Lp"), and Lemma 2, numbers

0 < e, 1 <k0, and 0<5 <ir/2 can be found such that

<t>i*(x, y) < «xy, |(x, y; k0) < ex, r¡(x, y; ¿0) < «y

for x^ô, y^5. We next observe that, if x^ô, (ko+l)z = h¿c<c+z^ir, we

thus have

r.x /.c+z Ç.X /      pc+Z y»C /%  (ka+l)z\ ¿j,

¡du \<b\dv =    \   du\   \ -|+| ¡-kl —
Jo       Jc Jo \ J (t0+l)«       •'to«       «'to» / V

=■ »{(*, y; ko) + 0i* {x, (*„ + l)z}/(M

< irex + «x(l + l/£o) < 3«x.

Proceeding now as in the proof of (2.22), we deduce (4.31).

4.4. Lemma 4. If (4.31) holds, then

'dufdu CT \<t>\
Jo= xy \   —      —-dv = ö(l).

JkxU2Jky    V2

We have, upon integrating by parts,
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•* <¡>i*(u, t)
du

k x

-  i                                CT 0i («
/» = 0 < xy0i*(ir,ir) + xy -

l J kx «

Ct<¡>i*(t,v) rTdu /•'*!*
+ xy-—dv + xy       —       —dv\

Jky V3 JkxUSJkyV3        )

~<t>*(ir,v) rTdu  rT<t>i*
-—dv+xy       — |    "

'ky V3 JkxWJky1

= Ö(xy + y/k + x/k + 1/k2) = ö(l).

4.5. Lemma 5. If (4.31) holds, then (Lr") is equivalent to (LP").

We need consider only a and £. We have

I    Jo J <.k+l)y(v— y)v)

= 0< y<t>i*(x, t) + y I-— dv >
\ J(t+i)y(» — y)2v    )

= Ö(xy + x/k) = o(x) ;

and this proves the lemma.

4.6. Lemma 6. If (Lr) and (LR") hold, then

J«T dv Cr~x i <du
- |Ax0|- = o(l).

kyV2  Jkx U

Moreover, if (LP) and (LP") hold, then

rT dv cT~x \     ( 0 ) I
7s - y       - \AJ-\\du = ö(l).

JkyV2  Jkx        I \U J   \

We may confine our attention to the second part of this lemma. We have

= 0\ yv(x, t; k) + y J    tj(x, v; k)— V

= 0(y + 1/k) = 0(1)

by (Lp) and (LP") and Lemma 1.

4.7. Lemma 7.7/ (G*) holds, then (Lr) implies (Li), and (LP) implies (Li).

We may confine ourselves to (LP) and (Z,2). We have

,ky

Jo I J y Jky )  I        I 0   )
dz>

= 0[*x*{x, (k + l)y} /y+ {(x, y; k)] = 0(x)
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by (G*) and (LP). Thus, since fi is independent of k,

li = o(x).
Similarly,

■m = o(y).

Accordingly, (Li1) holds.

As for (Li), we have

/      /» tx      nx—y nx—x     pky        pkx      r»ky nx—x      (,T~V\\ ( ó \ I

\ J x       J y J x J y J x       J y Jkx        J ky        )  I \UV) \

= 0[í,{(¿ + 1)*, y)/x + vi{x, (k + l)y)/y + f] = ö(l)

by (G*), (Lp), and (Li'). The lemma follows.

5.1. Proof of Theorem II. We first note the identities

Ax,W       xy

uv »V \ u / v*      \ u J

u2\        v )      \v)       \        u )\        v ) \uvS '

(uv)       u(u

xy4> yAx<t> xAy(b

(u + x)v(v + y)      (u + x)v(v + y)      u(u + x)(v + y)

Ax,W>

(u+x)(v+y)

We next note that it follows from these identities that

(5.11)    y g J6 + 27, + 2J9 + 4f for (k + l)x ¿ t, (k + l)y £ », 1 á *,

where

rTdu r*-" I     í é 1
dv,

CTdu r*-v\     ( <t> )
/.= *  I    - | A„--[

JkxU2 Jky | (.   !)   ;

and that

(5.12)        f g J6 + J7 + J10 + y for (* + 1)* Si,(H l)y ^ r,

where
rd« z**-", i dv

Jio= x \   — I A^| — .
«v &'

J,,rdM  /•'

kxU*Jk,

Consider, then, the first part of (c). If (Lp) holds, then (4.31) holds by

Lemma 3, and accordingly, by Lemma 4,

Jt = ö(l).
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Further,

J* = ö(l)

by Lemma 6; and plainly, by the same reasoning as in Lemma 6,

Jo = ö(l).

Thus, by (5.11), (LP) implies (Lr'). But, by Lemmas 3 and 5, (Lp) also

implies (Lr"). The truth of the first part of (c) follows.

Now consider the second part of (c). If (Lr) and (1.61) hold, then (4.31)

holds by Lemma 3, and accordingly, by Lemma 4,

Jo = ô(l).

Further,
Ji = o(l)

by Lemma 6, and plainly,

7io = o(l).

Thus, by (5,12), (LR) and (1.61) imply (Lp). But, by Lemmas 3 and 5,
(Lr) and (1.61) also imply (LP"). The second part of (c) follows.

As for (b), the first part of (b) is trivial. The second part is proved in

Lemma 7.

Turning, finally, to (a), let us first suppose that (Li) holds. Then, plainly

(Lr) holds, and thus, by (c), since (Li) contains (G*), (LP) also holds. Ac-

cordingly, (L2) holds by Lemma 7. Thus (Li) implies (L2).

Suppose, on the other hand, that (L2) holds. Then (LP) holds by (b), and

accordingly, (Lr) holds by (c). But (L2) also implies (G*) by Lemma 2. Thus,

by Lemma 7 again, (Li) holds. This completes the proof.

6.1. Lemmas for Theorem III. Lemma 1. If (Jr) holds, then

(6.11) f(x,y)=0(l).

We choose 0 < e and 0 < h < w/2 so that

(6.12) Wi(x, y) < «, W2(x, y) < « for x = 25, y = 25.

Then we have, since f(h, h) is finite,

I /(*, V) | á | f(x, y) - f(5, y) | + | f(5, y) - f(5, 5)\+\ f(5, S) |

= Wi(8, y) + W2(S, 5) + | f(o, o)\<A

forxgS, y = h. This is (6.11).
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6.2. Lemma 2. 7/0 <a<b and if, u being fixed, f(u, v) is finite and integrable

in v over (a, b+y), then

rb i     i dv    y rM"",
(6.21) \Atf\ — gJL I       \dvf(u,v)\ .

Ja v a  Ja

In fact, writing

*(«0 = f \dtf(u,t)\,

\¡/ is measurable and we have, if \¡/(b +y) is finite,

J.6 . dv      1   rb 1   r^" y   /•6+",
| A„/| — ^ —       Ay+dv g — Wv ^ — | dvf\ .

a v        a J a a J b a J a

But plainly (6.21) holds if ^(b+y) is infinite; and this proves the lemma.

6.3. Lemma 3. If 0 < 5 < w and if (JT' ) holds, then

CT~X du rT~y\ , dv
Jn=- - |Ax.,/|- = ô(l).

J¡ U   Jky V

We have, upon applying Lemma 2,

Jii = Ö i  {du f    1 A„/| —1
l Jo        Jky V  J

= Ô<— f V(u)du\ = o(l).

6.4. Lemma 4. If (JT') and (Jr") hold, then

a(x, y; k) = ö(x).

We observe, first, that/(+0, v) exists for nearly all values of v on (0, t),

for / is of bounded variation as a function of u for almost all values of v on

this interval.

We observe, secondly, that/(+0, v) is integrable on (0, 7r). In fact, if w0

is any number such that 0 <m0 < it, we have

| /(», îi) | g | f(uo, v) | + V(v) for (u, v) in Q.

Plainly, then,/(+0, v) is the limit function of a sequence of integrable func-

tions {/(«„, v)}, » = 1, 2, • • • , satisfying a condition of the type

| /(«„, v) | á Fo(») for 0 ^ v ^ t,
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where V0 is integrable on (0, ir). The integrability of/(+0, v) now follows

from a familiar theorem of Lebesgue.*

We observe, thirdly, that

(6.41) f du f | f(u, v) - /(+ 0, v)\dv = o(x).
Jo       Jo

To prove this we note that

B(x, ») =. — f \ f(u, v) - /(+ 0, v) | du á Wi(x, v).
X  Jo

Thus B tends to zero with x for nearly every v on (0, ir), and

B(x, v) g V(v) for 0 ^ v ^ ir.

Accordingly, since B is integrable in v for every fixed positive value of x,

(6.41) follows from the theorem of Lebesgue mentioned above, t

We observe, finally, that, upon choosing 0<e and 0<5<x/2 so that

(6.12) holds, we have

Cx       Cs i dv
(6.42) \   du I     | A.,/1 — á xe/k for x g 25, ¿y ^ 5.

Jo J ky V

This results immediately upon applying Lemma 2.

The lemma now follows readily. We have

a =    Vduf   | Ayf\ — + o\  f du f   | /(«, p) - /(+ 0, v) | dv
Jo J ky V \ Jo Jo

+ xf    " \Avf(+0,v)\dv\ =ö(x)

as a consequence of (6.41), (6.42), and the well known fact that

Jo
Avf(+0,v)\dv = o(l).

* Lebesgue, 11, p. 375. The full theorem referred to is to the effect that, iif„(P), n= 1, 2, • • • ,

is integrable on the bounded measurable set E, if

|/„(P)| < *(P) for n = 1, 2, • • • , P on E,

where <j> is integrable on E, and if

Um MP)
n—»°o

exists nearly everywhere in E, then the limit function/(P) of the sequence j/n(P) J is integrable on

E, and

lim fEfÁP)dP = fEJ(P)dP.
n-.ta

t It is clear that the conclusion of this theorem remains the same if we replace the discrete vari-

able n by a continuous one.
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7.1. Proof of Theorem III. We first prove that (JT) implies (Lr). For

this we choose 0<e and 0<S<x/2 so that (6.12) holds; and write

V Js Jky        Jkx J» Jl J> Jkx Jky! U      V

= Jn + Jit + Ji3 + Ji«, say.

Now,
Jn = ô(l)

by (Jt) and Lemma 3, and plainly, by the same reasoning,

Ji2 = ô(l).

Further,
/is = ô(l)

as is well known. It remains, then, to consider 7u.

We write

rt'idu rs    . . dv        r'"'dv rs    . .du
7i4= - |Ax.v/|^-+ - |Ax.»/|-

•Jkx     U  Juy/x V Jky       V   Jvx/y U

where

,/ =. [xly u x = y>    ,,, = i1   if x ^ y>

ll     if y < x, \y/x if y < x.

Then we have

_r   c1'1 du ci dv~\
7i'4 = 0 - { | Av/(«, .) | + | Av/(« + ^ .) | }-

L Jkx     U  Juy/x V A

_ (   r" du)

upon making use of (6.12) and Lemma 2. In the same way, of course, we get

7Ú' = 5(1)

and it follows that (Jr) implies (Lr').

The theorem is now immediate. First, since (7r) implies (Co) with

s=f(+0, +0), (JT) implies (7Ä) with s=f(+0, +0). Next, because (G) is

common to (Jr) and (Lr), it is plain, by Lemma 4 and what we have just

proved, that (7^) implies (Lr). Thus, since (Jr) implies (1.61) as a conse-

quence of Lemma 1, it follows from Theorem II, part (c), that (7k) implies
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(Lp). Finally, making use of the fact that (Jt) implies (Co) with s =/(+0, +0)

and Theorem II, parts (a) and (b), we find that (JT) implies (¿1) with 5 =

/(+0, +0). This completes the proof.

8.1. Lemmas for Theorem IV. Lemma 1. If F satisfies (Jh), then the

limits

limit      F(u, v),   lim    lim F(u, v),   lim    lim F(u, v)
(*,t)->(+0,+0) «-»+0   t—+0 «-.+0   «-.+0

exist and are equal, and further, if we set

P + N=    f     fV\d,,tF(a,t)\+   f]d,F(a,0)\
Jo    Jo Jo

(8.11)

'o
f] ¿^(o.ol + lno, 0)1,

Jo

(8.12) P - N = F for 0 < u è ir, 0 < v è t,

then both P and N satisfy the following conditions :

(8.13) 0 ^ P < A for 0 < u S t, 0 < v ^ ir,

(8.14) 0 è AXP      for 0 < u < u + x ^ ir, 0 < v ^ tt,

(8.15) 0 g AyP      for 0 < u -^ v,0 < v < v + y Ú t,

(8.16) 0 ^ Ax,yP   for 0 < u < u + x ^ ir, 0<v<v+y¿*,

(8.17) P is integrable in Q.

The proofs of these facts, with the exception of the last, are given by

Hardy.* The proof that (8.17) holds can be made to rest on a theorem of

Young.f Young proves that, if the conditions (8.13) to (8.16) hold, then P

is continuous at every point in the interior of Q, with the possible exception

of those points found on a denumerable set of lines, each of which is parallel

either to the u- or the n-axis. Thus, assuming Hardy's results, it follows that,

if a is any constant, the set of points on which P < a consists of an open set

plus, possibly, a set of zero measure. Accordingly, P is measurable in Q ; and

thus, using (8.13), it follows that (8.17) holds.

8.2. Lemma 2. 7/(8.14), (8.15), (8.16), and (8.17) hold, and if

(8.21) 0 = P < Auv for 0 < u g t, 0 < v g tt,

thenP/(uv) satisfies (LP) and (LP").

* Hardy, 5, pp. 57-59. Hardy defines P and N in terms of the positive and negative variation of

F, but his definitions are equivalent to ours. Hardy states (8.17) without proof.

t Young, 16, p. 31.
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We have

ÇX-X ~X-V    I /     p    "j     j

f = du \à"'AlTt\\dv
Jkx Jky        I \U*V*)   I

_r       ̂ .T-X Ç.X-V      I Ax        p yA     p xA     p xypS ~,

= 0 du <-+ —-+-f- — > dJ
Ukx Jky     \(u+x)*(v+y)*      (u+x)V     u*(v+y)     «VJ     J

_l      r*du rTP rTdu rT   P pr du rT P
= 0\xy       —       — dv + x       — — dv + y —       — de

(.        JkxU3 JkyV3 JkxU3 J x-yV* J T-xU2 JkyV3

J,T   du rT   P r(k+1)xdu rlk+1)vP   )

x-x    U2JT-y    V* Jkx U*Jky V1        J

= 0{l/k* + y/k + x/k + xy+ 1/k2) = ¿¡(1),

LJo  « J*,    l(i; + y)2     ^3 /   J

_  l     çxdu  rr P Cxdu  r*    P    \

= °\y\ -    -^dv+    -      -7dv
V      Jo      U   JkyV6 Jo     U   J x-y    V1        J

= 0(x/k + xy) = ö(x).

Treating w in a similar manner, we conclude the truth of the lemma.

9.1. Proof of Theorem IV. It is plain that (F) implies (YP) and (G*).

As a consequence of Theorem II, then, it is enough to prove that (Yp)

implies (Lp). For this we note that, if (YP) holds, then the function

F = uwf>

satisfies (JH), for, under these circumstances, F is finitely defined everywhere

in Q and

f     f   |d«..F|á   f     f   \dtt,v{uvf(u,v)}\+T2\s\<<» ,
J o     J 0 J o     J 0

C\d.F(c,0)\ =0, C (V\dtF(0,t)\ =0.
Jo J o   Jo

We note, further, that, on defining P and N as in Lemma 1, we have

P + N =   I    | d«.„(«»/) | + uv | s | < Auv for 0 < u g ir, 0 < v g tt.
Jo

Applying Lemmas 1 and 2 now, we see that <f> satisfies (Lp) and (Lp").

Since (G) is common to (LP) and (YP), the proof is complete.

10.1. Proof of Theorem V. We have, if 1 <pu 1 <p2,
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-Vi   Cr~x       r1"", )llp'(   C°°   du   c"   dv ) 1'"n

t-°[{J. d"l |i-»/l"*} U.^/..w j

(f+i-i)\pi       ?1 /

= Ö{x1/P.y1/P.(*x)1/«I-1(*y)1/5"1}  =Ö(k-2"y) = ô(l),

— Tir1     rT_v, ■1/Pî í r1     /■" dni 1/4»i

-° [{/.*/.  |A*""*I {/.*■/.. si J

(i+i.-O
= 0{x"*y1/',*1/a,(*y)1/,*~1} = Ô(x£-1/J*) = ô(x),

and

7 = 0 j— J"     J" "| A,.„/| d»| = 0(1/*«) = ô(l),

a = Ö •{ —  f  du f        | A„/| dîA = Ô(x/k) = ô(x)

if pi =p2 = 1. Treating ß in a similar manner and noting that (G) is common

to (Lr) and (HL), we deduce the truth of the theorem.

11.1. Proof of Theorem VI. Since (JH) implies (Co) with J=/(+0, +0)

and/is finitely defined everywhere in Q, we have only to prove that/satisfies

(1.51), (HL'), and (HL"), the last two with p1=p2=p3 = l.

Consider (1.51). We have

I Ax,y(uvf) I ¿(u + x)(v + y)\ Ax.v/| + (u + x)y \ Axf\

+ x(v + y)\Avf\+xy\f\

Ú ab j Ax.„/| + ay j | Axf(u, 0) | + J*" 'da j   | d,,tf(a, t) \ \

+ xb{\Ayf(0,v)\ + ja  j'  "Ke/lj

+ xy maximum   | f(a, t)

íoTO^u<u+xúa,Oev<v+y£b. Thus

f    f\ du,v(uvf) I g xy{3 f     f  I ¿„.„/I +  f   |d„/(«, 0) I
J0   J0 \   J0   J0 Jo

+  I    I d„/(0, i>) I +  maximum   | /|  > <Axy.
Jo osuSr.ogtST ;
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This is (1.51).

Turning now to (HL') and (HL"), we define P and 2V as in Lemma 1,

§8.1. Then, using the results of that lemma, we have

rtx-x nx—y i      /. x-x nx-y \

I       du i       \Ax.yP\ dv = 0<   I       du i       Ax,yPdv>
Jo Jo \ Jo Jo i

= 0<   f du f   Pdv + f      du f     Pdv\
I  Jo Jo J x-x J x-y )

= 0(xy),

f du f        | A„P| dv = 0<   f du f      Pdv\ = 0(xy).
Jo Jo \   J0 J x-y 1

Treating N and the other integral in (HL") in the same manner, we infer the

truth of the theorem.

12.1. Lemmas for Theorem VII. Lemma 1. If F satisfies (Jh) and is ab-

solutely continuous* in (a, a; t, t) for every 0<a<ir, then F coincides in the

region 0<u^t,0<v^t with a function G which is absolutely continuous in Q.

We first defineP and N as in Lemma 1, §8.1, for 0<«^ir, 0<z»^ir, and

note that P(u, +0),P(+0, v), andP(+0, +0) exist, the first for every m and

the second for every v, on (0, 7r). We complete the definition of P by setting

P(u, 0) = P(u, + 0) for 0 < u g t, P(0, v) = P(+ 0, v) for 0 < v ^ r,

P(0, 0) = P(+0, + 0).

We next note that

(12.11)

C \duP(u,T)\=o(l), P   f'\au,vP\ = 0(1),
Jo Jo   -Jo

f\dvP(T,v)\=o(l), f'   f\du,vP\=o(l).
Jo Jo    Jo

In fact, upon making use of (8.14) and (8.15), our definition of P on the axes,

and the appropriate limiting processes, we find that

* By definition F is absolutely continuous in (a, a; t, t) if (i) the functions F(u, 0) and F(0, v)

are absolutely continuous on (a, ir), and if (ii), corresponding to each 0<e, we can so choose 0<5

that, if {(*/, y,-'; x¡", y¡")}, ¿=1, 2, • • • , is any collection of rectangles contained in (a, a; ir, t),

no two of which have a common interior point, and the total measure of which is less than 5, then

Lr.i \f(x<", *")-/(*", y<)-fW, y>")+fW, yt') I <<•
This definition is equivalent to Carathéodory's, 2, p. 653, but is different from Hobson's, 8, p. 346,

which requires only that (b) be satisfied.
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0 ^ AxP(u, w) for 0 ^ u < u + x ^ tt,

0 gAx.^P for 0 g « < m + x g x, 0 -gv <v + y = *.

Thus we have

() duP(u, x) | = P(x, x) - P(0, x) = o(l),
Jo

C   f'\ du,vP\ = P(x, x) - P(0, it) - P(x, 0) + P(0, 0)
Jo   Jo

= o(l) - P(x, 0) + P(0, 0) = o(l)

since

P(0, 0) = P(+ 0, + 0) = lim lim P(x, y) =   lim P(x, 0).
*-»+0 y->+0 X-.+0

This proves that the first two relations in (12.11) hold. The last two can, of

course, be proved correct in a similar manner.

To complete the proof of the lemma, we now define N on the axes, as we

did P, in terms of its limiting values, and we set

G = P - N for (u, v) inQ.

Then plainly N satisfies (12.11), and therefore so also does G. But

(12.12) G = F for 0 < u ^ t, 0 < v = x,

and therefore G is absolutely continuous in (a, a; tt, it) for every 0 <a <ir. We

conclude from these two properties of G that G is absolutely continuous in Q.

By (12.12), this proves the lemma.

12.2. Lemma 2. If g is integrable over Q, then uvg satisfies (L2).

We have

/■ t—x /.*—y
du J        | Ax,„g| dv = o(l),

x J y

£i =   I   udu I        | Avg\ dv = 0<x |      I        | Ayg \ dv> = o(x).
Jo J y \     Jo     Jo I

Similarly,
Vi = o(y).

12.3. Lemma 3. // h(u) is integrable over (0, tt), and if g(u, v) is integrable

over Q, then the function uH(u, v), where



1933] DOUBLE FOURIER SERIES 61

H(u, v) = h(u) - j   g(u, t)dt,

satisfies (L2).

We have

\dv

"'-i dv CT~X       rT~v dv
dt= 0\y\       |AxÄ|d« -:+y\       du\       -        | Axg(«, 0|

\       J X J y V* J x J y V*   J v

/,x-x çx-y ¿V    fO+y \
du I       — | Axg(«, t)\dt}

X Jy        v J„ ;

= 0<   f       | Axh | du +  f du f    " | Axg(u, t) | dt\ = o(l).

Further,

/     ç.x        p*-v dv r*. rx        r*-» dv rT+'', ,    )

$i = 0\y \  udu\       -       \g(u,t)\dt +      udu — \g(u,t)\dt\
\     Jo J y V* J „ Jo J y V   J „ ;

= CK a:  I    dw J    | g(u, t)\dt\ = o(«).

Finally,

( c "    c r~x cy    c T~x     rT 1
ij! = 0<   I    dv j       | AxÂ | du +  I    di>  |        d«  I     | Axg(u, t)\dt\

V Jo Jx Jo Jx Ju *

/ /%X—X nX—X /*X \

= 0<y I        | AxÄ | d« + y  I        d»  I     | Axg(u, t) \ dt > = o(y).

This completes the proof.

13.1. Proof of Theorem VII. By our hypothesis, F can be so defined on

the axes as to satisfy (7j?). Moreover, F obviously is absolutely continuous in

(a, a;v, t) for every 0 <a <ir. Thus, by Lemma 1, F coincides in the region

0<m^7t, 0<v^t with a function G absolutely continuous in Q.

Now, since G is absolutely continuous in Q, there exist functions g(u, v),

h(u), l(v), the first integrable over Q and the last two over (0, x), such that,

for (u, v) in Q, G is given by*

* See Hobson, 8, pp. 592, 615, or Carathéodory, 2, p. 654.
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/. r /. r /. T /**"

G(u, v) =    I    da  I   g(a, t)dt -   I    h(a)da -   I    l(t)dt + G(x, x)

= gi — hi — h + G(x, x), say.

We proceed to express / in terms of g, h, and I.

We have, for 0<u<u+x^w, 0<v<v+y^ir,

Ax,v<   I    da j    fdt> = Ax,y(uvG)

= (w + x)(v + y)Ax,ygi + (u + x)yAxG + x(v + y)AyG + xyF.

Hence, upon dividing each member of this equation by xy, setting y =x, and

letting x tend to zero, we have*

(13.11) f(u, v) = uvg + uH + vL+F,

where

H(u, v) = h(u) -    f  g(u, t)dt.

L(u, v) = l(v)   -     I    g(a, v)da,
J u

for almost all (u, v) in Q.

The theorem now follows. Since g and h are integrable, uvg and uH satisfy

(L2) by Lemmas 2 and 3. Similarly, since / is integrable, vL satisfies (L2).

Applying Theorem II, then, we see that (Li) holds with / replaced by

uvg+uH+vL and s, by zero. On the other hand, since F satisfies (Jh), it

satisfies (F) with s = F(+0, +0) by Theorem VI. Hence, by Theorem IV,

F satisfies (Lx) with s = F(+0, +0). Combining these results with (13.11), we

reach the desired conclusion.
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