CONVERGENCE CRITERIA FOR DOUBLE FOURIER
SERIES*

BY
J. J. GERGEN+{

1.1. Introduction. We shall consider here analogues for double Fourier
series of certain convergence criteria for simple Fourier series. The tests for
simple series in question are the familiar tests of Dini, Jordan, de la Vallée-
Poussin, Lebesgue, Young, and Hardyand Littlewood, and the tests obtained
by various authors in generalizing the Young and the Lebesgue test. All
these criteria are stated, the logical relations between them discussed, and
references to them given in the author’s paper 4.} Rather than duplicate
this material here we refer the reader to that paper. Analogues for some of
these tests have appeared in the literature. Our first purpose here is to es-
tablish analogues of those remaining. Our second purpose is to discuss the
logical relations between the tests for double series. We obtain, incidentally,
an extension of Tonelli’s convergence criterion for double series which deals
with functions of bounded variation. Statements of our results and a general
summary of the convergence theory are to found in §§1.2 to 1.6, the proofs
of our theorems, in §§2.0 to 13.1. We do not always attempt to model the
proof of a generalization after the proof of the original; but deduce first a
test of the Lebesgue type, and from it the other tests. We thus obtain at the
same time information as to the relations between the tests.

1.2. We suppose once and for all that the double Fourier series in question
is that of an even-even function f(u, v) which is integrable in the Lebesgue
sense over the square Q(0, 0; =, ) and is doubly periodic with period 27
in each variable. Further, we shall confine our attention to the behavior of
the Fourier series of f at the origin. We have, then,

00

f(u,9) ~ 3 M.n@m,n COS MU COS M0,
m,n=0

where

* Presented to the Society, March 25, 1932; received by the editors May 25, 1932, and, in re-
vised form, August 22, 1932.

T A number of the results contained in this paper were obtained while the author was a Na-
tional Research Fellow. The problem of obtaining a generalization to double series of the Lebesgue
test for simple series was suggested to the author by Professor Hardy; and the author wishes to
thank him for this and other suggestions. The author also wishes to thank Dr. Agnew for reading the
manuscript of this paper and suggesting several corrections and improvements.

1 Numbers in bold face type refer to the Bibliography at the end of this paper.
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xl:l,O = %) and )\m.o = )\O.n = %, xm,n = 1 fOl'O < m, 0 < n,

and .
Gmp = — f f f(u, v) cos mu cos nv dudy.
w2 Q

The series for f at the origin is

(1.21) 2 Amnlmon;
m,n=0
the partial sum s, . of order m, n of this series is

m n 1 . .
Smn = E Z)\;,;a;,; = —;ff f(u, v)sm (m + Du sin (v + Do dudy;
™ Q

im0 j=0 sin 3u sin 3v

and we are concerned with the limit

lim sp.
taken in the Pringsheim sense.* Any test for the convergence of the series
(1.21) yields, of course, a test for convergence of the Fourier series of an
arbitrary integrable function at an arbitrary point.
1.3. To simplify the writing we employ a form of the Landau limit nota-
tion. Given two functions £(x, y) and ¥(x, y), defined for all sufficiently small
positive values of x and y, we write

(1.31) k(z, 3) = o{¥(x, 3}
if, corresponding to each number 0 < ¢, we can choose 0 <4, so that
(1.32) I

for 0 <x<4é.,0<y=é.. We write
(1.33) Kz, 3) = Of¥(x, 9}

if (1.32) holds for some e and all sufficiently small positive values of x and y.
Given two functions /4(x, y; k) and ¢(x, v; k), defined for each large value of &
for sufficiently small positive values of x and y, we write

(1.34) W(x, y; k) = o{¥(x, y; k) }

* Pringsheim, 12, p. 103. The series (1.21) converges, to sum s, or
m sma=s
m‘”ﬁﬂ
in the Pringsheim sense, if there corresponds to every number 0< e an integer N such that, if N<m,
N=n, then |smn—s| Se.
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if, corresponding to each 0 <e, we can choose, first, 0 <k.; and then, 0 <4y,
so that (1.32) holds for

(1.35) 0< xéﬁk,¢,0< yéak.n ke é k.
We write
(1.36) h(z, y; k) = O{¥(x, y; B}

if, corresponding to some ¢, we can choose k. and &z, as above so that (1.32)
holds for all x, y, and £ satisfying (1.35).1

1.4. The known tests for the convergence of the series (1.21) which are of
interest here may now be recalled. In stating these, and in what follows, we
understand that letters capped by bars, (D), (7), etc., have the same mean-
ings as the same letters without the bars in the author’s paper 4. Letters
without bars refer to conditions and tests for double series. In some of the
tests there are two or three conditions. We shall always regard the set of
conditions in any test as a single condition and denote it by the same notation
as we use to denote the test itself. Similarly, when a test involves but one
condition we denote it in the same way as we do the test itself.

The conditions sufficient for the convergence of the series (1.21) are in
(Dy) Young’s analogue of Dini’s test (D):}

x d L 4 d
72w = - b - 6@ = <
0o % Jo [/

where s is a constant and &, &, are functions such that & (w)/u, £(v)/v are in-
tegrable over (0, m);

t In case ¢ is a non-vanishing function, then (1.31), (1.33), (1.34), (1.36). respectively holds if,
and only if,
limit  (h/y) =0, fimit  |h/y| <w,

(z,¥)—(+0,+0) (z,1)—(+0,+0)

lim  fimit |kH] =0, Tim lmit |AW|<w.
k—® (2,0)(+0,+0) k—® (z,0)>(+0,+0)

1 Young, 15, p. 182. About the same time as Young’s paper appeared Kiistermann, 10, p. 28,
published an analogue of Dini’s test. Later a test of this type was given by Merriman, 3, p. 129.
The test (Dy) is not exactly the test of any of these authors, It includes them all as particular cases
however.

Young’s condition is
(Dy*) the function (f—s)/(uv) is integrabdle over Q.

Young proves that, if (Dy*) is satisfied, then so also is (V' ¥*) (see the footnote on (V' y) above). Using
Young’s method it is not difficult to show that (Dy)implies(V y*). Thus (Dy)is a sufficient condition
for convergence.
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(Ju) Hardy’s analogue of Jordan’s test (J):t
(JH) fis finitely defined everywhere in Q and

j;fj;fldu.vf(u, )| < o,

where the integral represents the total variation of f over Q.1 and

i) ﬁ'lduf(u,0)|<oo, fofldvf(o,v>l<°°,

where the first integral is the total variation of f(u,0), and the second, the total
variation of f(0, v), over (0, );§

(J7) Tonelli’s analogue of (J) |

(J7') fis finitely defined everywhere in Q and

Vi) = f " duf, )| < V@), V) = f " dofu, 9| < V),

where V is integrable over (0, ), the first for every V, and the second for every u,
on (0, 7),9 and

I
I

Wiz, = lim [ | duf, )| = o1),
7—+0 T

) v
Wa(x, y) = lim f I d,f(x, v) | = o(1).**
740 T

t Hardy, 5, p. 65.
1 The total variation of f over the rectangle (a1, b1; as, bs),

ST duf(w, 9,
is defined as the upper bound of all sums of the type

> Z |ty 03) —F oty 252) —F sty ) +F i, 5-0)|

where %;, 1=0, 1,- .., m, and v;, j=0, 1,- ., %, are any numbers such that e;=uo<ty < - - -
<tm=az, h=v<n< ::+ <v=bs.

§ Hardy states this second condition as
u'"™ f:'dﬁf(u: 'D)l <, f:ldt’f(uy '”)I <o,
the first for every v, the second for every u, on (0, ).

1t is pointed out by Young, 15, p. 142, that, if (Ju’) and (Ju'’) hold, then (Ju’'*) holds.

|| Tonelli, 13, p. 455, and 14.

9§ This condition is stated by Tonelli as
(JZ*) Vi, V2 are integrable over (0, ).

Since, as Professor Adams pointed out to the author, there are functions for which V, and V.
are not measurable, there is some gain in generality in taking the condition as we do. That (J7')
and (J7'’) are sufficient conditions for convergence, we prove by Theorems I, IT and III below.

When a function satisfies (Jy) it may be said to be of bounded variation in the Hardy sense, and
when it satisfies (J1' ), of bounded variation in the Tonelli sense. Other definitions of bounded vari-
ation have been given by various authors. For a complete discussion of these, see Adams, 1. For a
convergence theorem involving another definition, see Hobson, 2, p. 705. For further references on
convergence criteria, see Tonelli, 14.

** Tonelli states this condition in a slightly different but equivalent way.
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(Vy) Young’s analogue of de la Vallée-Poussin’s test (V):1 the mean value

1 u v
(1.41) Pu,1) = — fo do fo (o, D)t

of f satisfies (Jn).
In (Dy) the sum of the series is s, in (Jg) and (J1), f(4-0, +0), and in (Vy),
F(+0, +0).

Each of the above tests is plainly analogous to the corresponding test for
simple series. There is, however, one aspect in which these tests and, in fact,
all the tests given here for double series, differ from the original tests. In each
test for double series there is some condition on f, other than integrability,
over the whole square Q, whereas for simple series, the only conditions im-
posed, other than integrability, are neighborhood conditions. Now, by the
analogue of the Riemann-Lebesgue theorem, { the behavior of f in the square
(8, 8; m, m), provided 0<34, has no effect on the convergence of the series
(1.21). Thus this difference could be partially eliminated; but we cannot, as
might be expected, confine our conditions to neighborhood conditions. Con-
ditions on f in the “cross-neighborhood” of the origin are essential. Some of
the above tests were originally stated with only cross-neighborhood con-
ditions, and we could state those which follow thus. We state the tests as we
do for simplicity.

From each of the above tests the corresponding test for simple series can
readily be deduced. We have, when f is a function of « alone, f=f(«), say,

. —Sm0=—f f()sm(m+§)u du,

sin 3u

which is the mth partial sum of the simple Fourier series of f corresponding
to the point #=0. Now, if f satisfies (D), f satisfies (Dy); and if f satisfies
(V), f satisfies (Vy). Hence from (Dy) we can immediately deduce (D), and
from (Vy), (V). The passage from (Jx) and (J7) to (J) is not so immediate,
but a simple application of the Riemann-Lebesgue theorem leads directly
to the desired conclusion.

1.5. An examination of §1.4 reveals that the types of tests for simple
series which have not been considered for double series are Young’s, Hardy

t Young, 15, p. 170. Young states his condition in another but equivalent form, namely:
(Vy*) Fuv csc u csc v satisfies (Ju).

The right-hand member of (1.41) has, of course, no meaning when #=0 or when v=0. It is
implied that F can be so defined on the axes as to satisfy (Ju).

1 For this analogue, see Young, 15, p. 138.
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and Littlewood’s, and Lebesgue’s. Listed below is our extension of Tonelli’s
criterion and the analogues we obtain of tests of these types.

The conditions sufficient for the convergence of the series (1.21), to sum s, are,

in

(J &) our extension of Tonelli’s test (Jr): (J7),

(JR") Wl(x’ }’) = O(l)’ W2(x, y) = 0(1)’

and

C1 y = zd ’ N dy = ,
() a9 = [ au [ 9w, 0ds = ofay)
whered = f — s;

(Y) our analogue of Young’s test (¥):
(Y') fis finitely defined everywhere in Q and

z y
(1.51) f f | duo{unf(u, 0)} | < Azy for 0< 2 S7,0<ySm
(1] [1]

where A is independent of x and y, and
(Co) ¢(=, 3) = o(1);

(Yp) our analogue of Pollard’s generalization (Y3) of (¥): (¥') and (C));
(HL) our analogue of Hardy and Littlewood’s test (HL):

(&L) [ [T et 9o = 0Ga3),
where ’ ’

Buy f, 0) =f(u+, v+9) —flut, 0)—f(u, 9+3)+1(u, 1),
for some 1=y,

(=L fo “du j; T af|7rdo = OCxy), j; "y fo T | Auf|7edu = O(xy),

wheret

AVf = f(u: v+ y) - f(ur ‘D), Azf = f(“ + X, 1)) - f(u’ D),
Jor some 1 < pa and some 1 < ps, and (C1);

t There is some confusion in the notation A.f, A,f, and A, yf, but this is not serious. Whenever
we have Ak, k has  as one of its arguments, and Ak is the first difference
Ah=hutx---)—h(u---).
Similarly, y always appears with and is coupled with ». Finally, whenever we have A, %, & has % and
v as two of its arguments and A,k is the first double difference
A‘.vh=h(u+xo.-v+y...)_h(u+x-..v...)—h(u...g+y...)+h(u...g...)°
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(L.) our analogue of Lebesgue’s test (Ly):

sy pev dp
@) f = f | 82081 = = o0,

. s ey d S du
@ fo du f | 8uf] = = o(a), f dv f |af1= = o0,
and
€ or*(z, 9) = f " du f | 6w, 9) | dv = o(xy);

(Ls) our analogue of Lesbegue’s test (Ls):

@ nmn= [T a [ 72 e -,

and

“n Ef duf 3 { } dv = o(x),
f dvf { } du = o(y);

(Lp) our analogue of Pollard’s generalization (Lp) of (Ls):

&) ¢z, 33 B) = f:dufk A,.{ }
o= [lanf ||
v= [af et

and (C);

(Lz) our analogue of Gergen’s generalization (Lz) of (L.):

d) v yip= [ [T A,.,flﬁﬁa),
k k

a—fduj;” IA,f|—=o(x),
p=faf" |81 =50,

dv = a(1),

= o(),
Ly’)

du = a(y),

(Ls")

and (Cy).

35
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From each of these tests the corresponding test for simple series can im-
mediately be deduced; but it will be noticed that the most general continuity
condition we use is (C;) and not the analogue of (C), namely:

(C) the series (1.21) is summable, to sum s, by some Cesdro means.

Thus we fail to extend completely to double series the tests (HL) and (L),
and we fail to obtain any analogue of Hardy and Littlewood’s generalization
(Yu1) of (¥) other than (¥ ). The problem remains unsolved whether we can
replace (Cy) by (C) in (Lz), (¥r),and (HL). This problem, if one follows the
ideas in simple series, involves proving that the characteristict conditions of
these tests imply the equivalence of (C;) and (C), and this in turn involves
obtaining a generalization to double series of Hardy and Littlewood’s}
theorem on summability and continuity. Of course the fact that each of the
above tests leads directly to the corresponding test for simple series is due
largely to the equivalence of (Cy) to (C) whenever the latter is used.

To establish the above tests we deduce first (Lz) and then show that (Lz)
contains all the other tests as particular cases. The facts in regard to (Lg) we
state for convenience in the following theorem, the proof of which is to be
found in §§2.0 to 3.1. The facts in regard to the relation of (Lz) to the rest of
the tests are given in Theorems II to VII below.

THEOREM 1. If (Lg) kolds, then the series (1.21) converges, to sum s.

1.6. Turning now to the logical relations§ between the tests, we first

state the following theorems, the proofs of which are to be found in §§4.1
to 13.1.

THEOREM II. (a) The conditions (L,) and (L,) are equivalent. (b) The con-
dition (Ly) implies (Lp), while (Lp) implies (Ly) if (C:*) holds. (c) The con-
dition (Lp) implies (Lr), while (L) implies (Lp) if

(1.61) é1*(x, ) = O(xy).
Thus (Ly), (L), (Lp), and (Lz) are equivalent if (C:*) holds.||

1 The characteristic condition of a test consists of the conditions individual to the test. It is to
be distinguished from the continuity condition, which is either (Co) or a generalization of (Co).
In (Lg), for example, the characteristic condition is (L )4+ (Lg').

1 Hardy and Littlewood, 7.

§ All our conclusions here are to the effect that certain conditions imply others. We make no
attempt to prove that the implications stated are not reversible. For some examples of this type, see
Hardy, 6. Hardy’s examples are for simple series, but conclusions for double series can easily be de-
duced from them.

In discussing these relations it is well to point out again that, because one test is included in
another, the latter is not for that reason a better test. If one reasoned in that way the best test would
be the one in which the condition for convergence is that the series converge.

|| This theorem contains some new information for simple series: that (Zp) implies (Z5) if (C*)
holds, and that (Lg) implies (Zp) if the condition corresponding to (1.61) holds.
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THEOREM III. The condition (Jr) implies (Jr) and (L.), both with s =f(+0,
+0). Moreover, (J &) implies (Lp).

THEOREM IV. The condition (Y) implies (Y p) and (L,), while (¥ p) implies
(Lp).

THEOREM V. The condition (HL) implies (Lz).

THEOREM VI. The condition (Jx) implies (¥) and (HL), both with s =f(+0,
+0), and the latter with pr=p.=ps=1.

THEOREM VII. The condition (Vy) implies (L,) with s =F(+0, +0).
I l :
l / ’
Vy | Jr=Td +7’ Y=1"+Co
|

{ il |
Li=L{+L{'"+C* Jr=J7+JE +C; Yp=V'4C,

=L¢+Lg' +C, HlLEHL’+HL"+C1

Combining these results with the fact that both (Jx) and (Dy) imply
(Vy),t and (Jx) implies (J7),} we obtain the accompanying diagram. In this
diagram a directed line running from one letter to another indicates that the
condition represented by the former implies that represented by the latter.
In any implication in which s occurs only in the implied condition, s is under-
stood to have the value indicated in the above theorem concerning this
implication. It should be noted that, aside from the differences due to our
use of (C1) rather than (C), there are only two essential differences between
this diagram and the author’s§ diagram for simple series: first, we do not
indicate here any implications between characteristic conditions; and
secondly, we have here two new conditions, (J7) and (J&). In regard to the
first difference it might be pointed out that our proofs show that all implica-
tions indicated for simple series carry over to double series, and thus that, in
particular, the characteristic condition of (Lg) is implied by every other

t See the footnote on (Dy) and Young, 15, p. 181,
1 Tonelli, 13, p. 470.
§ Gergen, 4, p. 257.
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characteristic condition. In regard to (Jr) and (Jg), these conditions, while
analogous to (J) in some respects, do not seem to be contained in (Vy), (¥),
and (HL). For this reason, and also because of their general character, these
conditions seem to be essentially connected with a space of higher dimension-
ality than one.

2.0. Lemmas for Theorem I. The proof of Theorem I rests on the follow-
ing lemmas. In these lemmas and throughout the rest of the paper we write
for convenience

. U 1w 1
K(u,v; x, y) = K(u, v) = sin — ¢sc — # sin — csc — 9.
x 2 y
We shall always suppose that x, y, £ are numbers such that
(2.01) 0<x=m0<ys=m0<E.

We understand by 4 a number whose value is independent of all or any group
of the variables «, v, «, y, £ with which we are concerned at the moment, for
those values of the variables in question lying in the proper range. The range
for # and that for v is always specified. The range for x either is completely
specified or else it is understood to be that part of the range indicated in (2.01)
not excluded by any partial specification. A similar understanding holds with
regard to y and %.

We shall often have occasion to use the following formula for integrating

by parts:
ay by
[ au [ oo
ay b, as

(2.02) = pi(az, bo)y(as,bs) — f p1(t, ba)u(u, bs)du

by l as by
- 91(02: ‘D)\b.,(dz, ‘I))dv + f duf Pusdy,

by a b

where l '

¥(u, 1) = ' (0" (v),

p1(n, v) = f do’f o(o, Hdt.
a, b,

This formula is valid if p is integrable on (a1, b1; as, b2), ¥’ is absolutely con-
tinuous on (a1, @), and ¢’’ is absolutely continuous on (by, bs).T

t This formula can readily be established by a double application of the formula for integrating
by parts an integral involving but one variable and the application of other familiar results in the
theory of Lebesgue integrals. The only question likely to occur is that of the measurability of the
function f,,:p(u, #)dt and this question is answered in a theorem of Carathéodory, 2, p. 656. In any
case the formula is a particular case of one given by Hobson, 8, p. 666.
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We have
1 L 4 x
Smm = § = _J duf 6, DK {u, v; 7/(m + 1), w/(n + 1)} v,
weJo 0
and our problem is to show that, if (Lg) holds, then

S(x, ) = f du f "oK(u, v; 7, 3) = o(1).

As in the proof of (L) the problem is solved by breaking this integral into
several parts and considering each part separately. In the lemmas we con-
sider integrals over the region “near” the boundary of Q and also several
functions which occur in the treatment of the integral over the area “away”
from the boundary. '

2.1. LemMA 1. If (C,) holds and if 0<a, 0 <b, then

by

@.11) Iz, 3) = fo “au [ eKdo = o(1).

0

Further,

I, Ef duf ¢Kdv = o(1)
T—az by

under the sole assumption that ¢ is integrable in Q.
We have

w|K | <4, wz|K,|<A4

(2.12)
uy| K,| <4, wxy|K.,| <4

}for0<u§1r,0<v§1r.

Further, applying (2.02),

az

I, = $u(ax, by)K(ax, by) — f 614, by) Ko(u, by)du

0
by

az by
- o1(ax, 1)K ,(ax, v)dv + f duf 1K uudv.
0 0

0

Thus
I, = O{ maximum |¢1(u, v)/(nv)l } = o(1)

0<uSaz,0<vZdy

by (C,). This is (2.11).
As for I,, we have immediately, since ¢ is integrable in Q,
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b:o{f duf’ |¢|dv} = o(1).
r—az x—by

2.2. LEMMA 2. If (C)) and (L&' hold, then

(2.21) fxduf1r odv = o(%),
(2.22) | ¢1(x, y) | < Axy.

We observe first that, corresponding to an arbitrary number 0 < ¢, we can
choose 0 <%y and 0 <8 <m/2 so that

(2.23) | ¢1(x, 9) | < exy for x <5,y <3,
a(x, y; ko) < ex, B(x, y; k) <eyforx <45,y =3.

We observe next that, if «, ¢, and z are numbers such that

(2.24) <5 (bo+1z2=86=c<c+z=m,
we consequently have

z ctz z ctz c (ko+1)z
fduf ¢dv f du{f —f + }¢dv
0 c 0 (ko+1 ).z koz koz

(2.25) < j;zduﬁ'—z|¢(u,v+z) — ¢(u, v) | dv + | ¢1{x, (ko + 1)z} |

+ | ¢u(x, koz) |
< wex + ex(ko + 1)z + exkoz < 2mex.

We can now easily prove that (2.21) holds. In fact, if x <4 and (ko+1)y
=<4, then (2.24) holds with c=7—y and z=7y; and hence, applying (2.25),

lfIduf’r ¢ dv
0 —y

Since e was arbitrary, this proves that (2.21) holds.
As for (2.22), let us first suppose that <8 <y. Then, choosing z so that
N =(mw—4)/z is an integer and so that 0<(ky+1)z<4, and denoting by a
the largest of the numbers 8, 642, - - - , #—z less than y, we have
N—1
| 6102, 9) | = | du(, )| + 22

z S+ (nt1)z z v
f duf ¢dv| + ‘f duf ¢dv
n=0 0 84+nz 0 a

< exd + 2w Nex + 27wex

< 2mex.
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upon applying (2.23) and (2.25). Thus, for x <8<y, we have
(2.26) | 61, )| < A=y.

Similarly, (2.26) holds for y <& <x. Accordingly, because of (2.23) and the
obvious fact that (2.26) holds for § <x, § <y, the proof is complete.

2.3. LemMA 3. If (Cy) and (Lz'") hold and if 0<a, 0 <b, then
(2.31) I; = f duf ¢Kdv = o(1).
0 r—by
Writing

o(u, v) = j; uda j; ;ycﬁ(a, t)dt,

we have

Iy = 3(az, MK (az, 7) — f " a4, 1) Ku(, 7)du

- #(ax, v)K,(ax, v)dv +f duf ¢ K., dv
0 r—by

»—by
= O(maximum | $(%, v)/v|) (0 <% < ax, 7 — by < v < 7).

Using Lemma 2 now we conclude the proof.
2.4. LEMMA 4. If (Cy) and (LE') hold and if 0 <a, then

ez -2y
Jai(x, v; k) Ef duf ¢Qdv = 6(1),
0 k

v

where
TU 1 Y
Q = Qu, v; x, y) = Qu,v) = sin — csc — u sin — w(v; y),
x 2 y
and
w(v; y) = 2csc3(v + y) — csc 3(v + 2y) — csc $v.
Writing

o(u, ) = f udo‘ #(o, t)dt,
0

ky
we have, by Lemma 2,

|$(u,v)| <Aw forO<u=mbky=<v=m.
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On the other hand, we have

(2.41) v | w(v; 9) | < 493, v w,| <Aytfory<ov=<wx—y;i
and thus
2.42) wrt| Qu, 9) | < 493, wrdx| Q| < Ay? }
uv’l Q,Iv < Ay, wx| 9,,.,] < Ay
forO0<u=wmysv=x-—y.
Thus

J1 = ¢(ax, # — 29)Q(ax, * — 2y) — f o(u, # — 29)Qu(u, * — 2y)du
0

~3y_ az »—3y
- ¢(ax, 1)Q,(ax, v)dv + f du f 6Qu.dy
0 k

ky v
=0(y*+ y* + 1/k + 1/k) = 5(1);
which proves the lemma.
2.5. LEmMA 5. If (Cy) and (LE’') kold and if 0 <a, then

(2.51) I Efoajiuj;'qudv = o(1).

We have, by Lemmas 1, 3, and 4,

az 3y Ty T
Al = f du{f +2 + }¢K"”+"(1)
0 ky (k+1)y (k+2)y
= — T +J! +6Q1) = J! +a5(1),
where
. b g2
sin —

But

az x ~—2y Agyd 2A,9 v
J{ = f - duf { - — }sin—-dv.
o sin}u ky sinj(v+2y) sin}(v+y) y
Azyd 2449 i }

_ 1 az r—2y
=0 {?f d“fk, sndo+23) sindG+9)|
= 5{a(ax, 2y; ¥k)/x + a(ax, y; k)/x} = 6(1).

Since I, is independent of %, the lemma follows.

t Gergen, 4, p. 271. The first inequality in (2.41) is (8.72) and the second is (8.73) of that paper
with M=A4, m=2, y=1, p=0, t=v.
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2.6. LEMMA 6. If (Lz) and (LE') hold, then
T —3 d
(2.61) Ja sf dvf IA,¢|—1-‘ = 4(1)
—y kz u

and 0 <xo<w and 0 <k, can be found so that
(2.62) B(x, y; k) < Ay for x S %o, ko S k.

We first observe that, corresponding to an arbitrary number 0<e, we
can choose 0 <%, and x, so that

(2.63) 0< xo(ko + 1) < 1’/2,

(2.64) B(x, y; ko) < ey, (%, 3; ko)) < eforx < xo, y S %o.
We next observe that, if
(2.65) =2, (ko+1Dzs=x=c<c+z=Zm,

we consequently have

cts —z du ctz ¢ (ky+1)e ~—2z du
A N ERIE S N F N o A L
c koz u (kot+1)s kos kos koz u
(2.66) < 7v(%, 35 ko) + B{x, (ko + 1)3; ko}
< me + e(ko + 1)z < 2me.

Consider, then, (2.61). If x <, and.(ko+1)y <o, then (2.65) holds with
c=m—1y and z=7y. Accordingly, because of (2.66) and the fact that

Ja(x, y; k) < Jo(x, y; ko) for ko < &,
we have
J2 < 27me for x < %, (ko4 1)y = %o, ko < k.

Since ¢ was arbitrary, this proves that (2.61) holds.
As for (2.62), we observe that, because of (2.64) and the fact that

ﬂ(x’ Y5 k) é ﬁ(x: b ko) for ko é k)
it is enough to prove that
B(x, y; ko) < Ay for x £ % < y.

But this is immediate; for, choosing z so that N =(w—x,)/z is an integer
and so that 0 <(ko+1)z =x,, we have
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N-1 zZo+(n+1)z ~— du
B(x, 33 ko) S B, 75 ko) < Bz, 203 k) + 2. i [l anlZ
n=0 zo+nz koz

< exg+ 2rNe < Ay

for x <xy<y by (2.64) and (2.66). This completes the proof.
2.7. LEMMA 7. If (Lz) holds and if 0 <b, then

Is=f dvf ¢ Kdu = o(1).
—by

We have, using Lemmas 1 and 3,

t—2z
4I; = f f +f }chdu-l—d(l)
t—by kz (k+1) z (k+2) z

=J{ +JI' +0(1),

where
]
sin — . Aesd 280
T T—3az - %
Ja'=f - ydvf { : - }sinldu,
»—by Sin 30 kz sin (% + 2x)  sin 3(u + x) x
Ji' = f 6Q(v, u; y, x)du.
»—by kz

Now, as for J§, we have immediately, upon applying Lemma 6,

J{ = 0{Jx(2x, by; }k) + Ja(x, by; B)} = a(1).

Finally, as for J3’, upon setting

o(u,v) = f dt | o¢(o,t)do,

—by kz
we have
| 6, )| < Aufor ke Su<m0<wr—by<v=<m,
by Lemma 2. Thus, noting that (2.42) is applicable to the function
Qu, v) = s, ; y, 2),

we have



1933] DOUBLE FOURIER SERIES 45

r—3z

Ji' = —¢(r — 20, ;)Qx — 2%, 7) + ¢(u, m)Ru(u, m)du

kz

LA _ L —3z_
+ o(r — 2%, 1)Q,(r — 2x, v)dv — dvf 6 Quodu
k

x—by »—by z
=0(x*+ 1/k+ 22 + 1/k) = 5(1).
This completes the proof.
2.8. LEmMA 8. If (Cy) and (LE’) hold, then
r—3z . U ~3y o)
Js = f w(%; x) sin -—'—duf o(v; ¥)o(u + x, v + ¥) sin —dv = 5(1).
kz x ky y
First, setting
w(u, ) = w(u; x) sin (ru/x)w(v; ) sin (xv/y),
and using (2.41), we have
| w | < Axdy?, uwieP| w.| < Axy? }
foresusr—2,ySv=7w—19y.
u’v’l w,,l < Axty, u’v’[ w..,,l < Axy
Next, setting
s = [ dr [ st a e+
kz ky

and using Lemma 2, we have
| ¢(u,0)| < Awvforbx <u<r—x,by<v=<m—y1=kt.
Thus

©—3z

Js = ¢(xr — 20,7 — 2y)w(r — 22,7 — 2y) — f &(u,m — 2y)wy(u,w — 2y)du
kz
2y _ *—3z o] v_
- o(r — 2x, V)w,(r — 2x, v)dv + duf Wy, dy
ky kz ky
= O(xy? + y3/k + 23/k + 1/k%) = 6(1).
This proves the lemma.
2.9. LEMMA 9. If (LK) and (LE') hold, then

—2y —z du
J«Ef Iw(v;y)ld”f |as0(u, v+ 3) | — = a(1).
ky kz u
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We have

_ 1y gy (e du
=0y [T [T st 0+ 9| S
ky v kz u

by (2.41). Thus, integrating by parts and using Lemma 6,
— b d
Joe=0 {y’ﬁ(x, k) + v | B(=, v; k)—f} = d(1).
ky v

3.1. Proof of Theorem I. Because of the symmetry of the condition (Lg)
with respect to the arguments of f, it is plain that Lemmas 3, 5, and 7 hold
if we interchange the arguments of f in the integrals appearing there. Thus, if
0<a, 0<d, then

by x
f dvf o(u, v)K(u, v; 2, y)du = o(1),
0 T—az

by [ L 4 [ 4
f duf ¢oKdu = o(1), f duf ¢ Kdv = o(1).
0 0 r—az 0

Now it is readily seen by these relations and Lemmas 1, 3, 5, and 7 that

r—2z —2z ~
165(x, ) = { [T + }G(u; %, 3; Bdu + o),
k

z (k+1) z (k+2) z
where
—2y —y x
G = { + Zf + }¢Kdv.
ky (k+1) y (k+2) ¥

Hence, making in each of these integrals a change of variables which carries
the region of integration into (kx, ky, 7 —2x, 7 —2y), and collecting the terms
properly, we have

-2z ™ 2y v -
16S = ,sin—duf W(u, v; x, y) sin— dv + o(1),
kz x ky y

where
_ { Bevd(@+x,049) Anwoty) Aa(uta,)
sinj(u+ 2x) sin3(v+2y) sin3usin}(v+2y) sin}(x+ 2x)sino
Az (u, v) Ap(u+x,0+9)  Axp(u, v+ )
Sl [Eoarn sss i)

sin $u sin §v sin §(u» + 2%) sin§u
o {280 bt )
@i sin (v + 2y) sin§v

+ w(u; 2)w(v; y)o(u + x,v + )
=514+ S: + S+ S, say.
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But

3z U -3y r—ﬁz r—2y
f sin —du S sin —d = { f f | 81 dv}
kz X ky kz ky
= 0{(x, y; B} = o(1)
and, by Lemma 9,

—2z . U r—2y . Ty
sin — du S sin — dv
kz x ky y

= 6{ j;:_"| w(v;\y)ldvf'—hf Ap(u, v + y)l—} = 5(1).

kz

Similarly,
r—2z N 3y re)
f sin—duf Sssin—dv = a(1).
kz x ky y
Finally,
r—2z P2 2y . -
f sin —du f Sisin —dv = a(1)
kz x ky y
by Lemma 8.
Thus,

s(x, y) = o(1)

if (Lg) holds. This proves the theorem, since S is independent of 4.
4.1. Lemmas for Theorem II. LEMMA 1. If (L¢) and (L¥') hold, then

4.11) Jo= f dvf { } du = 5(1),
kz

and 0 <xo<w and 0 <k, can be found so that

(4.12) n(x, v; k) < Ay for x < %, ko S k.

Further, if (Ls) holds, then
(4.13) Ts(x, y; 1) = o(1).

The proof concerning (4.11) and (4.12) is much the same as that of Lem-
ma 6, §2.6. Given 0 < e we can, because of (L#) and (L£’), choose 1 <k, and
%o so that (2.63) holds, and

(4.14) n(x, y; ko) < ey, £(, ¥; ko) < efor & < %, y < .

Thus, if £<xo, (ko+1)2Sx¢Sc<c+z=m, we have
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ctsz ctz dv
T e A TS o
koz koz

(ko+1)z d.v r—z
Ao L }*f
(kgt+1)z kos kot V Jkyz

< w8 (=, 25 ko) + iz, (ko + 1)z; ko) /(ke2)
< we + we(1 4+ 1/ko) < 3me.

Choosing suitable sets of values for ¢ and z in this inequality, and making use
of (4.14) and the fact that

Js(%, y; k) < Js(=, y; ko), n(=, y; k) < n(x, y; ko) for ko < &,

we deduce easily (4.11) and (4.12).
As for (4.13), we have

Js(z, y;1) = 0[{ j;:_ fyr—u+ f:” }?f:—z
= 0{5:(x, y) + m(, 29)/3} = o(1)

by (L,). This completes the proof.

4.2. LemMMA 2. If (L) and (LF’') hold, then (1.61) holds. Moreover, if
(Ls) holds, then (Cy*) holds.

Let A(x, y; &) be the upper bound of
&(u, v; k)/u + Jo(x, y; k)
for a fixed k for 0<u=<x,0<v=<4y, and let
%= 2{k/(k+ 1D}* 3= y{k/(E+ 1}*
foru=0,1, - - - . Then, for (k+1)x <=, (k+1) y<m, 1=k,

o1*(kx, ky) S k i {y“f duj;wﬂ }
[ [ )]

=0 Yup

¢35 [femns o+ [ o [T 1012} ]

p=0

du

)

2}l

I\

I\

kz F 3
(% + 1)3zyN(ka, 3; k) + (& + 1)y f du f | 6| ds,
0 T—9y

and
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kz T o x kz d:
[Faf |¢]dv§k2{x,‘f ) “1¢|_“}
[1] r—y p=0 r—y kz u

pt1

L) [ g L 4 du
k ud I 5(%urr, 5 k d -_
E[x{s(xuy )+f'_v vf'_zlﬂu}]

< (kB 4 1)2N(kx, y; k) + (B + 1)3%(x).

A

Accordingly,
é1*(kx, ky) < (B + 1'ay{2(kz, y; k) + o(1)}.
Now, if (L¢) and (L£’) hold, then, using Lemma 1,
N(kz, y; k) = O(1)
for some fixed %; while if (L) holds, then
A=, ;1) = o(1).
The lemma follows.

4.3. Lemma 3. If (L#) and (L2") hold, or if (L&), (L&"), and (1.61) hold,
then

(4.31) o1*(z, y) < Axy.

The proof concerning (L¢ ) and (L¢’), as well as that concerning (L# ) and
(LE"), closely resembles the proof of (2.22). We need consider only (L¢)
and (L¢’). We first observe that, by (L¢), (L¢’), and Lemma 2, numbers
0<e, 1<ky, and 0<86<7/2 can be found such that

¢1*(x7 y) < €xy, E(x) Y; kO) < €x, ﬂ(x, Y; ko) < €y

for x <9, y<48. We next observe that, if x<90, (ke+1)2<0=<c<c+z=m, we
thus have

z ctz z ctz c (kot+1)z dv
fduf |¢|dv§fdu{f —f + }|¢|—
0 c 0 (ko+1)2 koz kot v

< (%, v; ko) + ¢:*{x, (ko + 1)z} /(koz)
< wex + ex(1 4+ 1/ky) < 3wex.

Proceeding now as in the proof of (2.22), we deduce (4.31).
4.4. LEMMA 4. If (4.31) holds, then

rd ]
Je—=—xyf—u |¢Idv=6(1).
k

z'uz ky ‘02

We have, upon integrating by parts,
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] *
]6 — 6 {xy¢1*(1r,1r) + xy f b1 (7‘:) 7l')
. kz
T h ¥ *d T
+ 2y 1 (‘ﬁ',”) “f ¢1 }
ky v ;,,u ky A

= O(xy + y/k + x/k + 1/k2) = 5(1).
4.5. LemMA 5. If (4.31) holds, then (L#') is equivalent to (L£" ).
We need consider only « and £. We have

— z T |¢|dv
el A2}
«-f yj; uf(k+1)u (v— )

T * )
- 6{>’¢1"‘(x, ™+ y o) d”}
k+1y (0 — )%

= O(xy + x/k) = o(x);

and this proves the lemma.
4.6. LEMMA 6. If (L¢) and (LE') hold, then

Tdy T du  _
hsyf —;f |a.6]= = 5(1).
ky ¥ kz u

Moreover, if (LF) and (LZ") hold, then

T dy
Js=1y f
kz

We may confine our attention to the second part of this lemma. We have

du = 6(1).

Js=5{yn(x, k) +y [ a0 He }

ky
=0(y + 1/k) = 4(1)
by (L¢) and (L¢’) and Lemma 1.
4.7, LEMMA 7. If (C1*) holds, then (Lg) implies (L.), and (L) implies (Ls).
We may confine ourselves to (Lp) and (L;). We have

wn Sl L

= O[p:*{x, (& + 1)y} /y+ &(x, 3; k)] = 3(=)

dv
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by (Ci*) and (Lp). Thus, since £, is independent of &,

&1 = o(x).
Similarly,

m = o(y).

Accordingly, (Z{’) holds.
As for (L7 ), we have

RN A R A W M

=0lt{(k + Dz, y}/x + mix, (B + Dy}/y +¢] = 6(1)

by (Ci*), (Lp), and (LJ’). The lemma follows.
5.1. Proof of Theorem II. We first note the identities

e (10 D) 2
== 14 =)A=
uY u’v3¢+ +u v’A u

A e C)

dudy

sl 2)

A, ”{g} _ xyo _ yA=$ _ xA v
wl " wut Do+ @t ety w@+ Do+ )
Az,
wtx)0+y)

We next note that it follows from these identities that

($.11) vy=Js+2/s+ 2/ + 45 for (k+Dx =7 (k+1)y=715k,

Tdu
T N M
kzuz ky
and that

(5.12) (=Je+ i+ Jwtvfor (k+Naxsm (k+1)y =,

—ll
]1o—xf 2f v l—
kz U J ky

Consider, then, the first part of (c). If (Lp) holds, then (4.31) holds by
Lemma 3, and accordingly, by Lemma 4,

Je = d(1).

where

dv,

where



52 J. J. GERGEN [January

Further,
Js = d(1)

by Lemma 6; and plainly, by the same reasoning as in Lemma 6,
Jo = a(1).

Thus, by (5.11), (Lp) implies (Lg'). But, by Lemmas 3 and 5, (Lp) also
implies (L¥’). The truth of the first part of (c) follows.

Now consider the second part of (c). If (Lz) and (1.61) hold, then (4.31)
holds by Lemma 3, and accordingly, by Lemma 4,

Js = a(1).
Further,

J7 = (1)
by Lemma 6, and plainly,

J1o = o(1).

Thus, by (5.12), (Lz) and (1.61) imply (L¢). But, by Lemmas 3 and 5,
(Lg) and (1.61) also imply (L#¢’). The second part of (c) follows.

As for (b), the first part of (b) is trivial. The second part is proved in
Lemma 7.

Turning, finally, to (a), let us first suppose that (L;) holds. Then, plainly
(Lg) holds, and thus, by (c), since (L) contains (C:*), (Lp) also holds. Ac-
cordingly, (Z,) holds by Lemma 7. Thus (L,) implies (L,).

Suppose, on the other hand, that (Lz) holds. Then (Lp) holds by (b), and
accordingly, (Lz) holds by (c). But (L) also implies (C,*) by Lemma 2. Thus,
by Lemma 7 again, (L) holds. This completes the proof.

6.1. Lemmas for Theorem III. LEMMA 1. If (J ) kolds, then
(6.11) f(x, y) = 0(1).

We choose 0 < eand 0 <4 <m/2 so that
(6.12) Wiz, y) <€, Wa(z, y) <eforx =25,y < 26.
Then we have, since f(9, 9) is finite,

| /2, )| | fx, 9) = 16, D) | +116, 9) — 16, 0)| +1 16, 8)|
S WG, ) 4+ Was, 8) + | 65,0 < 4

for x <48, y<4. This is (6.11).
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6.2. LEMMA 2. If 0 <a <b and if, u being fixed, f(u, v) is finite and integrable
in v over (a, b+y), then

b dy ¥ b+y
6.21) f |A,,f|-—_$_—f | dof(u, v) | .
a v a Jg
In fact, writing

o - [ agw, 9|,

V¥ is measurable and we have, if ¥(b+y) is finite,

b dv 1 b 1 bty y bty
[laslZs— [Canas—[Tvans 2 [Tyl
a v a a a b a a

But plainly (6.21) holds if ¥(b+y) is infinite; and this proves the lemma.
6.3. LEMMA 3. If 0<6<w and if (J7') holds, then

“~zdu [TV dy
Ju= f “—f IAz,vfl—‘=¢7(1)-
] u ky v

We have, upon applying Lemma 2,

Ju=0 {j;;uj;:—y] A,f]?}
=6{% fo 'V(u)du} = 5(1).

6.4. LEMMA 4. If (J7) and (JE') hold, then
a(z, y; k) = o(x).

We observe, first, that f(4-0, v) exists for nearly all values of v on (0, =),
for f is of bounded variation as a function of « for almost all values of v on
this interval.

We observe, secondly, that f(+0, v) is integrable on (0, 7). In fact, if %,
is any number such that 0 <%, <=, we have

| fu, )| < | f(uo, v) | + V() for (4, v) in Q.

Plainly, then, (40, ») is the limit function of a sequence of integrable func-
tions {f(u.,v)},n=1,2, - - -, satisfying a condition of the type

| f(ttay 2) | < Vo(v) for0 < v <,



54 J. J. GERGEN [January

where V, is integrable on (0, 7). The integrability of f(40, v) now follows
from a familiar theorem of Lebesgue.*
We observe, thirdly, that

.41 zd',—O,d=.
(6.41) J [ 109 = 40,9 a5 = ot
To prove this we note that
1 z
Blo,») = — [[1£4,9) = S+ 0,5)| du 5 Wiz, ).
x Jo

Thus B tends to zero with x for nearly every v on (0, ), and
B(x,v) < V() for 0 < v < .

Accordingly, since B is integrable in v for every fixed positive value of z,
(6.41) follows from the theorem of Lebesgue mentioned above.t

We observe, finally, that, upon choosing 0 <e and 0<é<w/2 so that
(6.12) holds, we have

z 8 dv
(6.42) f duf [ Ayf| — < we/k for x < 25, ky < 5.
0 ky v

This results immediately upon applying Lemma 2.
The lemma now follows readily. We have

a= fo’dufk:IAyfli:+é{fo'dufo’lﬂu,v)—f(+o,v>ldv

—y
+ xf | A, f(+0,9)| dv} = 6(x)
0
as a consequence of (6.41), (6.42), and the well known fact that
—y
f | Ayf(+ 0,9) | dv = o(1).
0

* Lebesgue, 11, p. 375. The full theorem referred to is to the effect that, if fa(P), n=1,2,:- -,

is integrable on the bounded measurable set E, if
|/+(P)] < ¢(P) forn=1,2,--+,PonE,
where ¢ is integiable on E, and if
7— 0
exists nearly everywhere in E, then the limit function f(P) of the sequence { f+(P)} is integrable on
E, and
lim fzfa(P)AP = Jgf(P)dP.

t It is clear that the conclusion of this theorem remains the same if we replace the discrete vari-
able n by a continuous one.
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7.1. Proof of Theorem III. We first prove that (Jr) implies (L¢' ). For
this we choose 0 < e and 0 <6 </2 so that (6.12) holds; and write

du dv
ok O A T A Y N W AP
ky kz kz vky ?

=Jn 4+ Ji2 + J1s + J14, say.

Now,
Ju = 5(1)

by (J7) and Lemma 3, and plainly, by the same reasoning,
Ji2 = 5(1).

Further,
Jis = a(1)

as is well known. It remains, then, to consider Ji,.
We write

v8dy '8 dy du
JN— f f zyf[ + f f z.yfl'—'
kz uy/z vz/y u

= Ji' + Ju", say,

where

y {x/y if x <y, o {1 if x =<y,
1 ify<aua, y/zif y < x.
Then we have

7. =0 [f"‘duj;wz {1 Ayf(u, v) | + | Ayf(u + x,0) | }— ]

-ofe [T} -0

upon making use of (6.12) and Lemma 2. In the same way, of course, we get
Jii = 5(1)
and it follows that (J&) implies (L¢).

The theorem is now immediate. First, since (Jr) implies (Co) with
s=f(40, 4+0), (J7) implies (J&) with s=f(+0, 4+0). Next, because (C,) is
common to (Jr) and (Lz), it is plain, by Lemma 4 and what we have just
proved, that (Jz) implies (Lz). Thus, since (Jz) implies (1.61) as a conse-
quence of Lemma 1, it follows from Theorem II, part (c), that (Jz) implies
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(Lp). Finally, making use of the fact that (J) implies (Co) with s =f(40, +0)
and Theorem II, parts (a) and (b), we find that (J7) implies (Z,) with s=
f(+0, 40). This completes the proof.

8.1. Lemmas for Theorem IV. LEMMA 1. If F satisfies (Ju), then the
limits

limit F(#,v), lim lm F(%,v), lim lim F(u, v)
(#,0)—(40,+0) %—+0 9540 940 u—+0

exist and are equal, and further, if we set

P+N= fufvld,,,,F(o,t)|+fuld,F(a,O)I
(8.11) P ’
+j;ld.F(0,t)|+|F(0,0)|,
(8.12) P—N=Ffor0<u=m0<v=m,
then both P and N satisfy the following conditions:
(8.13) 0SP<Afor0<u<mO0<v=<m,
(8.14) 0=A,P for0<u<u+zx=70<v=m,
(8.15) 0=AP forO0<u=n,0<v<v+y=nm,
(8.16) 04, P fr 0<u<u+x=7r,0<v<v+y=n,
(8.17) P is integrable in Q.

The proofs of these facts, with the exception of the last, are given by
Hardy.* The proof that (8.17) holds can be made to rest on a theorem of
Young.t Young proves that, if the conditions (8.13) to (8.16) hold, then P
is continuous at every point in the interior of Q, with the possible exception
of those points found on a denumerable set of lines, each of which is parallel
either to the - or the v-axis. Thus, assuming Hardy’s results, it follows that,
if a is any constant, the set of points on which P <a consists of an open set
plus, possibly, a set of zero measure. Accordingly, P is measurable in Q; and
thus, using (8.13), it follows that (8.17) holds.

8.2. LEmMa 2. If (8.14), (8.15), (8.16), and (8.17) hold, and if
(8.21) 0SEP<Aw for 0 <u=7,0<09 =,
then P/ (uv) satisfies (LF) and (Lg’).

* Hardy, 5, pp. 57-59. Hardy defines P and N in terms of the positive and negative variation of
F, but his definitions are equivalent to ours. Hardy states (8.17) without proof.
t Young, 16, p. 31.
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We have

P
f f fs ”{ w}
Az P yAP xA P xyP} ]
d dv
ol [ “fk {<u+x>2<v+y)ﬂ T arom T S T
{ "du d 'duf o4 * du
,u3 y?)s i x»’;:ua 1—y7)2 yf zuz ky‘l)s
(k+l)zdu (k+1)y p
S L =
T~z T—y 7)2 v?

=0f{1/k2 + y/k + x/k + xy + l/k’} = o(l),

o[ [ e el
b [T Ee [

= O0(z/k + xy) = o(x).

dv

Ol

Treating 5 in a similar manner, we conclude the truth of the lemma.

9.1. Proof of Theorem IV. It is plain that (¥) implies (¥'5) and (Ci*).
As a consequence of Theorem II, then, it is enough to prove that (¥p)
implies (Lp). For this we note that, if (¥») holds, then the function

F = uvgp

satisfies (Jx), for, under these circumstances, F is finitely defined everywhere
in Q and

j;. L"du.vpléj;r j;'ldu.v{“"’f(“’”)}l‘f"lesl <,
j;'ld,F(a,O)l =0,f0"f0"14,p(0,;)| o.

We note, further, that, on defining P and NV as in Lemma 1, we have

P+N=f | duo(uvf) | + wv|s| < Auvfor0 < w < 7,0 < v < m.
0

Applying Lemmas 1 and 2 now, we see that ¢ satisfies (L#) and (L¢’).
Since (Ci) is common to (Lp) and (¥ p), the proof is complete.
10.1. Proof of Theorem V. We have, if 1 <p;, 1 <p,,
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A AT AT

1
G
1 0
= O{aV/mylni(kx)a—l(ky)Va1} = O(k=2/7) = 5(1),
9)

(o oo 2

lI

= O aVimylimglia(ky)ia—1} = O(xk~17) = §(x),

and
{kzlxy f'—‘ f'_”l Azf| dv} = 0(1/k?) = &(1),

{ f du f |A,j|dv} = O(x/k) = o(x)

if py=p.=1. Treating B in a similar manner and noting that (C;) is common
to (Lg) and (HL), we deduce the truth of the theorem.

11.1. Proof of Theorem VI. Since (Jx) implies (Co) with s=f(+40, +0)
and f is finitely defined everywhere in Q, we have only to prove that f satisfies
(1.51), (HL'),and (HL""), the last two with p,=p,=p;=1.

Consider (1.51). We have
|A:u(wo) | (v + D0 + D) | daf | + (0 + 23| asf]

+ (v + 9) | Auf|+ 23] f]
utz 1]
<ol acl + oy lagw0 |+ [ do ) | doafte, 0] §

+ xb{ | Auf(0,9) | + j: j;v”' do of | }

+ xy maximum l f(o, t)|
0505q,05tS)

forO0su<u+x=<e,0=5v<v+y=b. Thus

f:foyldu.,(uvf)l < xy{sfo' j;'ldu,”ﬂ +f0'|duf(u, 0]

+f'| d.f(0, v) | + maxnmum Ifl } <Azxy.

SuSx 0Svsy

I
Q|

Y
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This is (1.51).
Turning now to (HL') and (HL'’), we define P and N as in Lemma 1,
§8.1. Then, using the results of that lemma, we have

~—z Lot —z —y
f duf |A,,,,P| dy = O{f duf A,,,Pdv}
0 (1] 0 0
z v L g T
= O{f duf Pdy +f duf Pdv}
0 0 T—2z T—y

= 0(xy),

z T—y z [
f duf | A,P| dy =o{f duf Pdv} = O(xy).
0 0 0 —y

Treating N and the other integral in (HL’’) in the same manner, we infer the
truth of the theorem.

12.1. Lemmas for Theorem VII. LEMMA 1. If F satisfies (Ju) and is ab-
solutely continuous® in (a, a; m, w) for every 0<a <m, then F coincides in the
region 0 <u =<, 0 <v =7 with a function G which is absolutely continuous in Q.

We first define P and NV as in Lemma 1, §8.1, for 0O<u <, 0<9=m, and
note that P(x, +0), P(4+0, v), and P(+0, +0) exist, the first for every » and
the second for every v, on (0, 7). We complete the definition of P by setting

P(u,0) = P(u, +0) for0 < u <, P(0,v) = P(+0,9) for0 < v < m,
P(0,0) = P(+ 0, + 0).
We next note that

j;s | duP(u, 7)| = o(1), j;z.j;'la“'vl,l — o(1),
fovld””("’ ) | = o), f foyldu,vpl = o(1).

In fact, upon making use of (8.14) and (8.15), our definition of P on the axes,
and the appropriate limiting processes, we find that

(12.11)

* By definition F is absolutely continuous in (a, ¢; =, =) if (i) the functions F(x, 0) and F(0, v)
are absolutely continuous on (g, =), and if (ii), corresponding to each 0<¢, we can so choose 0< 3
that, if {(x.-', s %', y."’)}, i=1, 2, -, is any collection of rectangles contained in (g, a; =, ),
no two of which have a common interior point, and the total measure of which is less than §, then
2 Sy 3 =f iy ) =@ )@ ) | <e
This definition is equivalent to Carathéodory’s, 2, p. 633, but is different from Hobson’s, 8, p. 346,
which requires only that (b) be satisfied.
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0= AP(u,x) for 0= u<u+x=m,

0 <A.; P for0fu<u+t+xs=nrn0=9v<v+y=nr.

Thus we have

[1ap,m] = PG, 1) = PO, ) = ott),

firMmH=PWﬂ—P&ﬂ—Pwm+P@®

o(1) — P(x, 0) + P(0,0) = o(1)
since

P(0,0) = P(+ 0, + 0) = lim lim P(x,y) = lim P(x,0).
240 y—+40 240

This proves that the first two relations in (12.11) hold. The last two can, of
course, be proved correct in a similar manner.

To complete the proof of the lemma, we now define N on the axes, as we
did P, in terms of its limiting values, and we set

G =P — N for (%,v) in Q.
Then plainly N satisfies (12.11), and therefore so also does G. But
(12.12) G=Ffor0<u=n,0<9v=m,

and therefore G is absolutely continuous in (g, ¢; 7, 7) for every 0 <a <w. We
conclude from these two properties of G that G is absolutely continuous in Q.
By (12.12), this proves the lemma.

12.2. LEmMMA 2. If g is integrable over Q, then uvg satisfies (Ls).
We have

—z —y
b= f duf |A,,,,g| dv = o(1),
z v

b= [wan [Tlagla=ofs [T [T ol as = o).
0 v 0 o

Similarly,
m = o(y).

12.3. LEMMA 3. If h(u) is integrable over (0, ), and if g(u,v) is integrable
over Q, then the function uH (u, v), where
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2w, = b — [ " gtu, D,

satisfies (L,).
We have

[ el
O{yf | a. h|duf”i+yf”duf f | Asglu, )| at
+f”duf" "”f | A, t>ldt}

=o{ fo”|A,h|du+fo'dufo""|A,g<u,o|dt} ~ o1).

Further,

s = O{yﬁzuduf:-y§£r|g(u, 7| dt+ﬁzuduf:_v-?ﬁﬁyl g(u, t)|dt}
= O{xj;zduj;'| g(u, 8)| dt} = o(x).

Finally,

v —z —z L
= O{f d'vf | Azk| du +fydvf duf | A.g(n, t)|dt}
0 z 0 z v
= O{yf B |A,h| du + yf ) duf |A,,g(u, 1) | dt} = o(y).
[} z 0

This completes the proof.

13.1. Proof of Theorem VII. By our hypothesis, F can be so defined on
the axes as to satisfy (/). Moreover, F obviously is absolutely continuous in
(@, a; m, m) for every 0 <a <. Thus, by Lemma 1, F coincides in the region
0<u =, 0<v=~ with a function G absolutely continuous in Q.

Now, since G is absolutely continuous in Q, there exist functions g(x, v),
h(w), I(v), the first integrable over Q and the last two over (0, ), such that,
for (#,v) in Q, G is given by*

51 dv

* See Hobson, 8, pp. 592, 615, or Carathéodory, 2, p. 654.
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fu'da f "o, it — f “ho)do — f )it + G, 7)

= g1 — hy — Iy +G(1r, 7r), say.

G(u, v)

Il

We proceed to express f in terms of g, 4, and /.
We have, for 0<u<u+zx=w, 0<v<v+y=m,

A,,,,{ j;“dvj;’ fdt} = A,,y(wG)

=@+ 2)v+ DAz 0+ (u+ 2)yA.G + x(v + »A,G + zyF.

Hence, upon dividing each member of this equation by xy, setting y =x, and
letting x tend to zero, we have*

(13.11) f(u, v) = wvg + uH + vL + F,
where
H(u,v) = h(u) — f o(u, i,

v

k2

L) = 10) ~ [ g(a, s,
for almost all (%, v) in Q.

The theorem now follows. Since g and % are integrable, wvg and «H satisfy
(L;) by Lemmas 2 and 3. Similarly, since / is integrable, vL satisfies (Ls).
Applying Theorem II, then, we see that (L;) holds with f replaced by
wvg+uH +vL and s, by zero. On the other hand, since F satisfies (Jx), it
satisfies (¥) with s =F (40, +0) by Theorem VI. Hence, by Theorem IV,
F satisfies (L,) with s=F(+0, +0). Combining these results with (13.11), we
reach the desired conclusion.
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